A NARROW BAND METHOD FOR THE CONVEX FORMULATION
OF DISCRETE MULTI-LABEL PROBLEMS
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Abstract. We study a narrow band type algorithm to solve a discrete formulation of the convex
relaxation of energy functionals with total variation regularization and non convex data terms. We
prove that this algorithm converges to a local minimum of the original non linear optimization
problem. We illustrate the algorithm with experiments for disparity computation in stereo and a
multi-label segmentation problem and we check experimentally that the energy of the local minimum
is very near to the energy of the global minimum obtained without the narrow band type method.
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1. Introduction. The purpose of this paper is to describe a narrow band type
method to minimize the convex relaxation of energy functionals with total variation
regularization and non convex data terms as proposed in [20, 14].

While binary labeling problems can be globally minimized using graph cuts [16,
18], in general, the global optimum of multilabel problems cannot be obtained, al-
though it can be solved approximately [5, 23]. As Ishikawa showed in [17], in case
that the set of labels is linearly ordered and the pairwise interactions between them
are convex, then the multilabel problem can be exactly solved. Assuming that the
labeling function u is defined on a discrete grid, the main idea was to transform this
problem into a binary labeling problem for the characteristic function of the subgraph
of u. This idea was reformulated in [20] in order to construct a convex relaxation of
the continuous variational formulation of total variation regularized problems with
non convex data terms. The applications to image processing are numerous, in par-
ticular, to stereo, optical flow computation, or multi-region image segmentation. One
of the advantages of the continuous formulation is that it permits to use numerical
optimization techniques which can be implemented in parallel architectures such as
GPUs [21].

This set of ideas has been deeply studied and extended in [14] (see also [8]), where
the authors addressed in detail the problem of the computation of minimal partitions,
with a regularization term given by the Hausdorff measure of the total interface in
the continuous setting, or the Potts model in the discrete case, although the methods
apply to other cases, like the disparity computation in stereo. A related approach for
depth computation has been proposed in [24] and in [19].

If the original unknown function is w : {1,..., N}? — [0, M], the new variable in
[20] is the characteristic function of the subgraph of u, that is w(i, j, 2) = X[0,u(i,j)] ()
(i,5) € {1,...,N}2, 2 € [0, M]. At the discrete level we use a finite set of values
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for z, for instance {0,..., M}, assuming that M is an integer. In [14] the authors
represent the function in terms of the characteristic functions of its level sets: u;(i,j) =
X[o,u(ij) (1), © = 1,..., M and they write the energy in terms of ui,...,up which
satisfy the constraint 0 < up; < ... <wu; < 1. Thus, at the numerical level we always
work with a finite set of values.

Since we have gone from 2D data to 3D data, we have increased both the com-
putational complexity and the memory storage required. The first issue may be not
dramatic since the task of energy minimization can be very effective using GPUs,
although it will be more efficient if we work in a narrow band around the graph of the
current solution. Working in a narrow band, the memory storage will be alleviated at
equal number of labels. These are the supporting reasons to study a narrow band type
method to minimize the convex relaxation of energy functionals with total variation
regularization and non convex data terms.

Let us briefly summarize in a continuous framework the relaxation technique
proposed in [20] (see also [14]). Let us consider the variational problem

ueBV(IKIll)l,%SugMR(u) = /Q | Du| + /Q W (z,u(x)) dz, (1.1)
where Q is a rectangle in IR?, [, |Du| denotes the total variation of v in € [4], and
W : Q x IR — IRT is a potential which is Borel measurable in x and continuous in
u, but not necessarily convex. Thus, the functional is nonlinear, and let us assume
that is non-convex. The functional can be relaxed to a convex one by considering the
subgraph of u as an unknown.

Following [20], let us write the nonlinearities in (1.1) in a ”convex way” by intro-
ducing a new auxiliary variable representing the subgraph of w. This will permit to
use standard optimization algorithms. The treatment here will be heuristic.

Let w(z,s) = H(u(z) — s), where H = X[g 1o is the Heaviside function and
s € IR. Notice that the set of points where u(x) > s (the subgraph of u) is identified
as w(x,s) = 1. That is, w(x, s) is an embedding function for the subgraph of u. This
permits to consider the problem as a binary labeling problem. The graph of w is a
‘cut’ in w.

Since Dyw(z, s) = 6(u(z)—s)Du(z) and d;w(z, s) = —d(u(z)—s) we may formally
write R(u) as

R = [ [  (Dewl W, 9)0n0(e, ) deds
+ /Q(W(at,O)|w(x,0) — 1+ W(x, |w(x,1)|) dz = E(w).
Let
A= {we BV(Qx [0,M]) : w(z,s) € {0,1},¥(z,s) € Q x [0, M], dyw < 0}.
Notice that
A= {Xp : Fis the subgraph of some u € BV(Q), 0<u< M }.

Using the definition of anisotropic total variation [3] we may write the problem
(1.1) in terms of w as

min &(w), (1.2)

weA
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where the boundary conditions w(z,0) = 1, w(z, M) = 0 are taken in a variational
sense.

Although the energy (1.2) is convex in w the problem is non-convex since the
minimization is carried on A which is a non-convex set. The proposal in [20] is to
relax the variational problem by allowing w to take values in [0, 1]. This leads to the
following class of admissible functions

A.:={w e BV(Q x [0, M]) : w(x,s) € [0,1], V(z,s) € Q x [0, M], Osw < 0}. (1.3)
The associated variational problem is written as

in &(w). 1.4

nin E(w) (1.4)

Let us mention that the solution of problem (1.4) may not be unique, in consistency

with the original problem (1.1). On the other hand, the problem is now convex and
a solution can be obtained using a proximal point type algorithm [20, 14]

o fw — Wb

min ————

S Taa s TEW) (15)

where A > 0 and w” is the current solution, which can be solved using the dual
[11] or primal-dual numerical schemes [25]. In this way a global minimum of (1.4) is
obtained. Formally, the level sets of a solution of (1.4) give solutions of (1.1). This
has been observed several times (see [2, 15, 20, 6] and references therein). In the most
general setting, this can be proved using the developments in [3, 10].

Clearly, this relaxation comes at the prize of using an extra dimension (or an
ordered set of functions as in [14]). In order to recover the complexity of a 2D
problem, we study a proximal point iterative algorithm formulated in a narrow-band
around the graph of the current solution working at the discrete level. At each step,
by applying a convenient threshold to the previous solution w®, we obtain a binary
function, T'(w*), and we solve

o lw = T()|?

min = + E(w), (1.6)
where the functions w are defined in a neighborhood of the jump discontinuity of
T(w*) (representing the graph of the solution we are looking for) and are decreasing
in the variable s. Then we prove that by choosing the thresholding operations in
a convenient way, the solutions w* converge to a local minimum w* (which is the
characteristic function of the subgraph of a function) of the discrete version of (1.1).
Indeed, the energy of w* is smaller that the energy of functions whose support is in a
neighborhood of the graph represented by w* and which represent its perturbations.
But in practice we have checked that the energy of the solution obtained is very
near to the energy of the solution obtained without using the narrow band method
which is a global minimum of (1.4) [20]. We will also show that this provides a more
efficient method with lower memory requirements. We have implemented at present
the algorithm in CPU and we plan its GPU implementation.

We illustrate our method with some experiments on disparity computation in pairs
of stereo images and on the convex relaxation of the piecewise constant discrete version
of the Mumford-Shah model, and we compare our results with the ones obtained
without the narrow band method [20, 14]. We observe that the local minima obtained
are very near to the global minimum computed without the narrow band method



4 A. BAEZA, V. CASELLES, P. GARGALLO AND N. PAPADAKIS

Let us finally mention that the relaxation formalism can be extended to more
general energy functionals [1, 14]. In particular, in [14] the authors address the prob-
lem of convex formulation of multi-label problems with finitely many values including
(1.1) and the case of non-convex neighborhood potentials like the Potts model or the
truncated total variation. The general framework permits to consider the relaxation
in BV(Q) of functionals of the form

F(u) ::/Qf(:v,u(x),Vu(x))dx (1.7)

where u € WH1(Q) and f : Q x R x RN — [0,00[ is a Borel function such that
f(x,2,€) is a convex function of ¢ for any (z, z) € Q x RN satisfying some coercivity
assumption in &. Let f* denote the Legendre-Fenchel conjugate of f with respect to
€ 1f

K:={w=(w"w®): QxR — IR*: w is smooth and f*(x,s,w"(x,s)) < w*(z,s)},

then the lower semicontinuous relaxation of F' is

F(u) = sup// W DX{(a,s)is<u(a)} ds dz.
wek JQ JIR

Based on this formula one can use a dual or a primal-dual numerical scheme to
minimize F(u) if one knows how to compute the projection onto the convex set K.
We refer to [14] for details.

Let us give the plan of the paper. In Section 2 we recall the definition and
basic properties of discrete total variation (TV) functionals. In Section 3 we propose
an abstract formulation of the narrow band method for discrete TV functionals. In
Section 4 we introduce the discrete gradient and divergence required to formulate
problems of type (1.5) in a discrete setting. Then in Section 5 we study the equivalence
of the discrete formulations of (1.1) and (1.4). In Section 6 we formulate the dual
problem of the discrete energy (1.5) and write the associated Euler-Lagrange equation.
In Section 7 we adapt the abstract narrow band method to the concrete case of the
discrete energy (1.5) and we obtain the convergence of the numerical scheme. We
also observe that the discrete analogous of the constraint dsw < 0 can be imposed by
penalization when the penalization parameter is larger than a multiple of the number
of labels. This is technically relevant in order to fix from the beginning the thresholds
at each step of the proximal point. In Section 8 we present some experiments that
illustrate the algorithm and we check that the energy of the local minima obtained is
very near to the global minimum computed without the narrow band method. The
experiments are shown for two problems: disparity computation in stereo problems
and multi-label segmentation.

2. Basic properties of discrete total variation functionals. We denote by
X the Euclidian space IR™, m > 1, endowed with the Euclidian metric and the scalar
product, denoted by || - || and (-, -), respectively. As in [13] we define a discrete total
variation as a convex, nonnegative functional J : X — [0, 40c], not identically +oo,
satisfying a coarea formula

J(w) = /IR J(X{wzt}) dt, we X. (21)

As stated in [13], it is easy to derive the following properties.
PROPOSITION 2.1. Let J be a discrete total variation in X. Then
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(i) J is positively homogeneous, i.e., J(Aw) = AJ(w) for any w € X and any

A>0.

(i) J is invariant by addition of a constant: J(cl +w) = J(w) for any w € X
and any ¢ € IR, where 1 = (1,1,...,1) is a constant vector. In particular
J(1) =0.

(iii) J is lower semicontinuous
(iv) J satisfies

JwAa) < Jw) and JwVa)<Jw), YweX, Vace R.
(v) J is submodular: for any w,w’ € {0,1}™,
JwAw)+ J(wVvw) < J(w)+ J(w)

This holds also for any w,w' € X.
Let C be a closed convex subset of X and let us consider the problem
i . 2.2
min J(w) (2.2)
Using (2.1), for any w € X the measure of the set of ¢ € IR for which J(X{,>4) < J(w)
is positive and we always find a value of ¢t € IR such that J(X{y>4) < J(w). In
particular, if w is a minimum of (2.2), then the level sets are also minima of (2.2) as

soon as the level sets are also in C.
We assume that C' C {w : w; € [0,1], Vi € {1,...,m}} satisfies the property:

we C ifand only if Xg,>y € C, YVt € [0,1]. (2.3)

We also assume that there is some w € C such that J(w) < co.
Observe that property (2.3) implies that w A o, w V o € C for any w € C.
Let A >0 and g € X. Let us consider the problem

1 2
in —||lw — . 2.4
min ol — gl + J(w) (24)
Since J is convex and J(w) < oo for some w € C, problem (2.4) has a unique solution
w € C. Moreover, using Proposition 2.1.(iv), we know that ming < w; < maxg for
all i € {1,...,m}. It suffices to check that @ V (min g) and W A (max g) are both
solutions of (2.4) and must coincide with @ (see Proposition 7.2).

Let S(C) :={F C{1,...,m}: Xp € C}.
PROPOSITION 2.2. Let w € C be the unique solution of (2.4). Then for any
t € R the set {w >t} := {i : w; >t} is a solution of

Py min S0 + 3 (X (- 9)) (2.5)

Moreover, {w >t} and {w >t} are, respectively, the minimal and maximal solutions
of (P)q.

Before proving Proposition 2.2 let us recall the following Lemma.

LEMMA 2.3. (i) For each t € IR, the problem (P); has a solution.
(i) Let t > t' and let Q¢, Qv be solutions of (P); and (P)y, respectively. Then
Qt C Qv
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(t9t) If t < a := ming, then {1,...,m} is a solution of (P):, unique if t < a. If
t > b:=maxg, then 0 is a solution of (P):, unique if t > b.
The first assertion is immediate. The second one is a consequence of the submod-
ularity of J and can be found in [2, 12]. The third assertion is also immediate.
Proof. (of Proposition 2.2). Recall that we denote w € C' the unique solution of
(2.4). Let Q, € S(C) be a solution of (P), t € IR. Let us define

w; =sup{t € R:i€ Q}.

The function w; is well defined, w € X, and {w > ¢t} = Q; ae. in t. Since w
has finitely many values, this implies that all (different) level sets are in C. Hence
w € C by our assumption (2.3). Notice also that, by Lemma 2.3, a < w; < b for any
i€ {l,...,m}. Observe that w is a solution of (2.4). Indeed

1 2 b 1 b & > (afgi)Q
Tw) + 5zl ol = [ I dt+ 5 [ Z(XQt)i(t—gz‘)dHZT
b
g/ J(Xfw>e}) dt+f/ Zx{w>t} (t—gi) dt+z

_ 1
= J(@) + 5w - gl

Thus w is also a solution of (2.4). By uniqueness w = w. Hence {w > t} = Q:
a.e. in t. We deduce that for any ¢ € IR the set {w > t} is a solution of (P);. By
Lemma 2.3.(i7) it follows that {w > t} and {w > t} are, respectively, the minimal
and maximal solutions of (P);. O

It may happen that the functional J(Xg) is not symmetric under complements,
i.e., we do not have J(X{1, . m\g) = J(Xg). For that reason we define

J*Xg) = J(Xq1,...mp\E)

for any set F such that {1,...,m}\ E € S(C).
PROPOSITION 2.4. Let w € C be the unique solution of (2.4). Then for any
t € R the set {w < t} := {i :w; < t} is a solution of

1
P); i J*Xp) — —Xp, (t — 2.6
(P, min T - 5 (e () (2.6
where F€ := {1,...,m} \ F. Moreover, {w < t} and {w < t} are, respectively, the
minimal and mazximal solutions of (P);.

Proof. Let Fy :={w < t}, t € R, F C {1,...,m} such that F’° € §(C). Then
(Fy)¢ ={w >t} := E; and we have

T (XR) — 5 (X (= ) = T(Xg) + 5 (X, (6= 9)) — (1, (— )
< () + 5 (X, (= 9)) = 1 (1, (— g)
= 7 () = 5 (X, (t— g).
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3. An abstract formulation of the narrow band method for discrete TV
functionals. Let us consider the following iterative scheme. Start with w® € C' with
J(w) < co. For each n, let w™! be the solution of

: 1 ni||2
min S — | + T,
Hence (see [7]), for each n, w™*! is a solution of

+0(J +1c)(w™ ™) 30, (3.1)

where Io(w) = 0if w € C and I (w) = +oo otherwise. We write the inclusion symbol
> instead of the equality since 9(J 4 I¢) may be multivalued [7]. As it is known, the
proximal point algorithm is convergent [22, 9].

Let us now consider the following modification of the scheme which is an abstract
formulation for the narrow band method. Start with w® = w® € C with J(w®) < oo,
Cy = C. For each n, let C,, C X be a closed convex set satisfying (2.3). Assume that
for each n we know w™ € C),, and we solve the problem

1
min — [lw — w"||* + J(w). (3.2)

wel, 2A
Let w™*! be the unique solution of (3.2). Let us denote T} (w) = X{y»4y, w € X.
Given w"*! € C,, we may find ¢, such that J(T3,,, (@™ ™)) < J@" ) + €41

where >~ ° | €, < oo. For simplicity, we write T},4; instead of T3, ,. We define

wn+1 _ Tn+1 (@n-i-l).

Let Cpy1 € X N{0 < w < 1} be a closed convex set satisfying property (2.3) such
that w"*! € C,,11. Now problem (3.2) is completely determined for next iteration.
We assume that the set C,; is determined by w"*! in a unique way.

Let us observe the following estimate.

LemMmA 3.1. We have

p p
LY P @t < @) + Y e (59
n=0

n=0

This estimate implies that W — w™ — 0 in X as n — oo.

Proof. For each n, @™ is a solution of

n+1l _ w™

A
where v" 1 € 8J,(w" ), J, = J + Ic,.

Now, multiplying (3.4) by w"*! — w", taking scalar products, and adding the
identities obtained we have

L o+l =0, (3.4)

p p

% > [t - w"|* = >t wt =) <3 (T (w") = T (@)

0 n=0 n=0
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where we used that J(w™) < J(@W") + €, in the last inequality. Then (3.3) follows. O

THEOREM 3.2. For n large enough the solution becomes a constant and binary
function. Thus the algorithm converges in finitely many steps to a local minimum of
J, i.e. a minimum of J in C,.

Proof. Since the set of characteristic functions in a finite grid, though very big,
is finite, then there are m,p with m > p such that w™ = wP. Then w™*! = wP+!,
This implies that the sequence w™ is periodic. Let & = m — p. Then {Ejkﬂ’“}j isa
constant sequence, say w. Let m; = jk+p. Notice that C,, does not depend on j, let
us denote it by B. Since vt € 9Jy,, (@™ ), by the definition of subdifferential,
we have that

J(w) — J@™ ) > (vt w — it Vw € Cy . (3.5)

my+l mitl = (@™t —wmi) — 0in X (by Lemma 3.1) and is

w™i Tl = and we obtain

— 4 _ 1
Since w = w, v =

independent of j, then v™ ™! = 0. Hence w™ = w
Jw)—Jw) >0 YwehB.

In other words w is a minimum of (2.2) in B. Moreover the sequence becomes station-
ary since w™itl = L1 (W Mty = ™i = 1p. Therefore, the algorithm converges in
a finite number of steps to a binary function. O

We now focus on determining the threshold value ¢,,41 for each iteration. Let
Ey = {w"t > t}, F, .= {w" T <t}, t€]0,1].

Since we know by Lemma 3.1 that w"*! —w™ — 0 in X as n — oo and all norms
in a finite dimensional space are equivalent, then, given € > 0, for n large enough
(n > n.) we have that

@ —w"le <, (3.6)

where || - ||oo denotes the maximum norm in X.

LEMMA 3.3. Assume that ¢ < L and let n be such that (3.6) holds. Then the
infimum of {J(Xg,) : t € [min "' max W)} is attained at one of the values
J(X{U"+1>min E"*l}) or J(X{w"+1>max E"*l})'

Proof. By (3.6), if w! = 1, then |w”+1 1] < ¢ if w! = 0, then \ﬁ?“\ < €. Then
Ty(w™*) = w" for all t € [¢,1 — ¢€]. In particular:

(@ >t} ={w" =1} and {@"™ <t} ={w" =0} Vtclel—¢].
Let e <t <t < max w" ™. Then Ey C E; C {w™ = 1}. Then by Proposition
2.2 we have
J(X )+1/ t ™ < J(X )+1 ' ™)
— —w — —w™).
E, A < B, A s
Hence

1

J(XEf’) < J(XEt) A 5 \E
t +/

(t' —w"™) < J(Xg,)-

Now, let min w" ! <t <# <1—e¢. Then F; C Fyy C {w™ = 0}. Then

T (R) - <t—w”>§J*<><Ft,>—§/F<t—w">.
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Hence

1
J*(XF,) < J*(XE,) — Z/F . (t—w") < J"(Xp, ).

Since J*(Xg) = J(X{1,... n}\£) We have

J(Xg,) < J(Xg,) Vmnw"'<t<t' <1-e
In that circumstance the infimum of J(Xg,) for any ¢ € [min @w" ", max w" ) is
attained one of the values J (X gn+15min wn+1}) O J (X(gn+1 >max wnt1y)- O

For some operators we can use the previous scheme starting at iteration n = 0.
The 1proof of the next statement follows the same line as the proof of Lemma 3.3 with
€=3.

iEMMA 3.4. Assume that k := sup,cx g<w<1 [10J(W)|lo < 00. Let A > 0 be
such that kA < L. For any n, if By = {w"*! > t}, then J(Xg,) is decreasing for
t € (3, max w" ™) and increasing for t € (min W™, 1).

Thus, the infimum of {J(Xg,) : t € [min @" ™! max w" ')} is one of the val-
ues J(Xgn+1smin wnt1}) OF J (Xign+1>max wet1y). Then we take the characteristic
function of the corresponding level set as w™t!.

Notice that the set {w™ ! > min w" '} contains the set {w" = 1} while {w" ™! >

max w" 1} is contained in it.

4. The discrete gradient and divergence for a problem with mixed Neu-
mann and Dirichlet boundary conditions. Let us consider the discrete domain
Q={1,...,N}2 Let Q, := Qx {1,..., M}. For convenience, let us denote { the ex-
tended domain © x {0,..., M}. We denote by U,, U the Euclidian spaces IRY*N*M
IRN*NX(M+1) “regpectively.

Let us denote the Euclidian norm and scalar product in U by | - || and (),
respectively. The Euclidian norm an scalar product in U, will be denoted by ||w]|.
and (-, )., respectively. Thus, we write

lwl> =Y |wigkl> weU
(i,4,k)€Q

lwl? = Z |wi k] w € U,.
(5. k)€

Let (-,-)o be the scalar product for the vectors (w; j,0)(i,j)eq-

The definition of the discrete gradient will be in consonance with the boundary
conditions. Recall that we need to impose the Neumann boundary conditions when
i =1ori= N and when j = 1, 5 = N, and Dirichlet boundary conditions when
k =0, k = M. For that reason, although the original domain is €2, and we are
interested in the values of w; ;5 for (4, j, k) € €., to impose the Dirichlet boundary
conditions we need to consider vectors w € U with w; ;0 = 1. For the zero Dirichlet
boundary conditions when k& = M we do not write explicitly the extension of the
domain to k = M + 1.

Let us give the definition of the discrete gradient which considers Dirichlet bound-
ary conditions on the top and bottom of 2 and Neumann in the lateral boundary of
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Q. Given w € U its discrete gradient Vw will be a vector in V:=UxUXxU given
by (Vw)i ik = ((Vaw)ijk, (Vyw)i ik, (Vsw)i k), (i,7,k) € Q, where

(Vaw)ih = { o T iy (1)
Wi i1k — Wik ifj<N

(Vyw)ijp = { o GHLE j.k ifi' SN (4.2)
o Wi jk+1 — Wi jk ifk< M

(Vsw)ijr = { Wi if k=M. (4.3)

Notice that, since w; jo = 1, we have (Vi w); jo = w; ;1 — 1 for all (i,7) € Q.

Let us denote (Veyw)ijn = (Vew)ijk, (Vyw)ijik)-

The scalar product and the norm in V are denoted respectively by (&,7)v
> ik Tik - ik and (5[5, = (5, )v.

Let us define the divergence of a vector & € V so that it verifies (7, Vw)y =
—(dive,w). By analogy with the continuous setting, we introduce the discrete di-
vergence div,, as the dual operator of V,, (which takes into account the Neumann
boundary conditions in ), i.e., for every o € U x U and w € U we have

(divyy 0, w) = —(0, VayW)uxu-
One can easily check that div,, is given by

1 1 :
0i7j,k _10-i—1,j,k' lf 1 < Z < N

(dlvxy U)i,j,k = Uf,j,k if 1=1
—0i 1k if i=N
(4.4)
aij,k — a%_Lk if 1 < j<N
2 : .
—0i i 1k if j=N
for every o = (0!,0%) € U x U.
Let us compute the dual operator to V w, w € U. Let ¢ € U. We have
3 3
(0%, Vaw) = Y o w(Vew)in = > 05 i k(Wi jet1 — Wijk)
(i,5,k)€Q (i,7,k)€ Q1<k<M
3
+ Y obiolwign —wige)+ Y 00 am(—wijm)
(i,5)€Q (i,5)€Q
3 3
= Z (05 k=1 — Tijik) Wik Z g; ,J,Ow%L
(i,5,k)€ Q1<k<M (1,5)€Q

Writing 0 _1 =0, we can continue the previous identities as:

= Z (U?,j,kq ?] Wik =1 —(V o’ , W),

(i,4,k)€ Q,0<k<M
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where

{03 —oij,k_l it 1<k<M

ik
if k=0 (4.5)

We define
(divays (0,0%))ijk = (divay 0)ijk + (V5 0°)i sk

5. Formulation of discrete nonlinear TV problems in terms of anisotropic
total variation . Let

Z/{M = {u = (ui,j)zj'yjzl S RNXN C U S {Oa <. 7M}}

We denote by | - |, the £, norm of a vector in IR?, 1 < p < co.
Let W : Q — [0,00). We define

Rw)= > [(Vaywijli+ Y, W((i,5),uij),  weln. (5.1)

(1,)€Q (i,§)€Q

Let us consider the anisotropy ¢ : 2 x IR® — [0, 400] given by

, ph + W (i, 3, k)p®| if p* <0
¢((laja k)apvp ) = (52)
+00 if p3>0,

where (i, 7, k) € Q,pe R? p* € R. Then'if (i, j, k) € Q, 0 € IR, 0* € IR, by defining

¢°((i, j, k), 0,0%) = sup{{(p,p°), (0,0%)) : p € R*,p* € R : ¢((i, 4. k),p,p°) < 1},

we have

|o] oo if 03>0

¢0((i7j7 k)7070-3) = | 3‘ (5-3)
max(‘o|oo,m) if (73 <07
with the convention that the last maximum is infinity when W (i, j, k) = 0. Then for
each (i,7,k) € Q we have
{(0,0°) € R? x R : ¢°((i, j, k), 0,0%) < 1}
={(0,0*) €ER* X R: |0|oo < 1, ()" <W(i,5,k)}.

Let
V:={6=(0,0%ecV: |07 kloo <1, (—aij,kﬁ <W(i,j,k) V(i j,k) € Q},
./Z:: {w eU: Wik € [0, 1], (sz)m»,k <0 V(i,j, ]{i) S Q, W; 5,0 = 1, V(Z,j) S Q}

(5.4)
Let us consider the energy
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1+ W (i, g, k)(Vsw)i j k

Ew)= > [(Vayw)ijx

(i.gk)€ 0

+ I{szSO}(UJ)v (5.5)

where Iy, <oy (w) = 0 if Vw <0, 400 otherwise. By our definition of the gradient
we may write

Ew)= > |(Vayw)ijnh + > W (i, 3, k)(Vsw)ij k|

(i,3,k) € Q (i,4,k)€ Q,1<k<M

+ ) W50 win =1+ Y Wi, 4, M)wi | + Iiv,weop (w).
(i,5)€Q (i,5)€2
(5.6)

Ew) = D [(Vayw)ijkl + Wi, B)(Vsw)i | + Iiwweoy (w)

(i,5,k)€ Q
= sup E Tijk - (Vayw)ijk
L < ~
{|0'z,],k‘oo,1} (i,j,k))EQ
3
+ sup > obin (Vew)ijn
_o3 . )+ i ~
{( Ui,j,k) <W (i,j,k)} (i,4,k)€ Q
. - 3
= sup - E (leg;y U)i,j,kwi,j,k - E (Vo )ukwwk
3 } -
(o,03)EV (i, k)€ 0 (i,5,k)€ Q
= sup -— E (dinys (07 03)>i,j’kwi7j;k'
3 ~
(@Y ke d

PROPONSITION 5.1. Let u € Uy. Let S(u) be the subgraph of u, ie., S(u) =
{(Z?jak) S Q : k' S Ui,j} . W@ have

R(u) = E(Xsw))- (5.7)

Proof. Let us first observe that

> (VayXs@)igrl = Y [(VXsw)ih-

(i,4.k)€ Q2 (i,)€Q

To simplify the notation, we use the convention u(N+1, j) = u(N, j) and (Xg(u)) N+1,5,k =
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(Xs(u))Njks u(i, N+ 1) = u(i, N), (Xs(u))i,n+1,6 = (Xs(u))i,N,k- We have

D (VayXsw)igrh = sup > ik (VayXsw))iik
(irj k)€ ) Uouiklo<th 5 1ye

= sup Z (@36 [(Xsu))it1, — Xs))igir]
lonirle<th ¢ j e

+07 5 k[(Xs))igrie — Xsw))igr)

— . 1 * 2
= Sup Z €ij Z Tijk T €ij Z Ti,k

UovgnloStheig el € L= i jea | m@!,<k<M(w)}, m(u)?; <k<M(u)?,
= D iy — gl F i =gl = D [(Vayw)iglh,

(i,5)€Q (i,5)€Q
where m(u)] ; = min(u;j, uit1,5), M(w); ; = max(u; j, wit1,5), m(w)?; = min(u;j, 1),
M (u)7 ;= max(u; j, ui j11)-

Writing (XS(u))i7j,0 =1, (XS(u))iJ,M—i-l =0, we have

Z W (i, 3, E)I(VsXs(u) )ikl = Z W (i, 3, k)| (Xs(u))igkr1 — (Xsw))i gkl
(i,,k)€Q (i,j,k)E O

= Z W((Zvj)vuzj)

(i,5)eQ

Both identities prove (5.7). O
Let us prove the coarea formula for £.
THEOREM 5.2. For any w € U we have

1
£(w) = / E(Xpusry) dt. (5.8)
0
Proof. Recall that if a,b € [0,1] we have

1
la—b] = / Xio.a1(£) — X001 ()] .

The result is immediate if we write w; j a1 = 0 and use the previous identity. O
PROPOSITION 5.3. Both problems have a minimum and we have

min £(w) = min R(u). (5.9)
weA u€Un

Proof. Clearly there is a minimum of R(u) in Ujps. Since the anisotropic total
variation € is continuous and A is compact in U, we have that there is a minimum of
E(w) inU.

Since any function u € Uy determines a function w = Xg¢,) € A such that
Vsw < 0, then

min R(u) > min &(w). (5.10)
w€UN weA
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Now, let w € A be a minimum of €. Let a € [0,1) be such that X, 4} is a minimum
of £ (this holds for almost any a by the coarea formula). Let E, = {(i,j) € Q :
w; ik > ak, k€ {0,...,M}. Now, since Ey, C Ej, whenever k; < ko, then we may
define

u;; =sup{k € {0,..., M} : (4,§) € Ex}.

Then {u > k} = Ej for k € {0,...,M} and w;; € {0,...,M}, V(i,j) € Q. Thus
u € Ups. Since S(u) = {w > a}, using Proposition 5.1 we have that

R(1) = £(X(5) = min E(w)

We have proved (5.9). O

6. The dual optimization problem for the proximal point method. Let
D = {1/1 eU: 1,[)1',]‘70 =1 V(l,j) S Q}

Let » € D, A > 0. Let us consider the problem
lw — 9|2
— + &(w). 1
wp T ea TEW) (6.1)

Let us study the optimality condition satisfied by the solution of (6.1). We have

weD  2A
e - o o
= glel% 2A + Z |(vasw)l7],k}|1 + VV(’L,]7 )l(vsw)“%” + (V.w<0) (w)
(i,5,k)€Q
; lw — |? N
- “r’nel% glelg 2N + Z i Tijk * (Vaysw)ijk ()
(,5,k)€ Q2
el N
= min Cs}gg SA (div e, w), — (diva,w)o
AT
= sup min llw = $I° (div e, w), — (divea,w)o

ey weD 2A
Observe that
<diV 5, w>0 = <037 Q>07

where Q; j r = 0ro. Solving

o=l 3
min = — (div g, w)s — {07, Qo
we get
w=¢y+Adive (i,5,k) € Q.. (6.2)

Let us justify the previous computations. For that we recall the following version
of the minimax theorem
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THEOREM 6.1. Let A C IR™, B C IR* be two closed convex sets. Assume that
K : Ax B — IR satisfies:

Yye B x — K(x,y) is convex and lower semicontinuous,

Vee A y— K(z,y) is concave and upper semicontinuous.

Assume that for any y € B, X\ € IR, the level sets {x € A : K(x,y) < A} are compact.
Then

inf sup K (z,y) = supinf K (z,y).
A B B A

Ifweuse A=D={weU:w,o=1V(,j) €}, B=V,

-l

K(w,o) 5A

(div 3, w). — (%, Q)o,
then for any 6 € V, u € IR, the sets {w € A: K(w,5) < p} are compact (or empty).
Then the previous computations are justified. Notice that this is true even if V is
unbounded.

Introducing w from (6.2) in the above formulas and after some computations we
get that

lw — |?

o A . o~ N2 2 s~ 2 3
+Ew) =~ 5 min [dive]? + £ (diva, v} + < (0%, Qo.

min
weD 2A

PROPOSITION 6.2. There is a couple (w,&) such that & is a solution of the
problem
2 2
~

min F(5) where F(5):=|diva|?+ A (dive, v). + (0, Q)o, (6.3)

ey

g

and w =1 + Adiva, (4,7, k) € Qu, is a solution of
- w =?
— + &(w).
mp oA W)
Moreover we have

> Gijk (Vaysw)ih = Y |(Vaysw)ijrh + W, 5, k) (Vew)i ikl (6.4)
(i,,k)€Q (i,4,k)€Q

Observe that as a consequence of (6.4) we have that
ol jo(wiga = 1) =07 0(Vsw)ijo = W(i,j,0)wi 1 — 1.

Proof. We just have to show that the problem (6.3) has a solution. It suffices to
prove that a minimizing sequence is bounded in V. Let 6,, = (0,,,03) be a minimizing
sequence of F. Let us write 0% = (¢3)T — (03)~, where (0%)* = max(03,0), (¢3)” =
max(—c3,0). Since (02)~ and F(d,,) are bounded, then

Idiv 312 + 2 (div 3 8) + 2 4(05) %)
n || x A nsy * A n ) 0
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is bounded. Hence divd, and {(¢2)%,Q)o are bounded. Since o, is bounded, we
deduce that Vo3 is bounded. Hence, also V(o3)T is bounded. This together with
the boundedness of {(02)", Q)o, implies that (¢2) is bounded. Thus, 2 is bounded
and the continuity of F proves that (6.3) has a solution.

Finally, observe that the identity (6.4) follows from substituting & and w in the
identity leading to (*) in the computations at the beginning of this Section. O

7. The narrow band method for the convex relaxation of discrete multi-
label problems with TV regularization. Let us use the results proved in Section
3. Let us consider the case where X =U (m =N x N x (M + 1)), J(w) = E(w) and

C = A = {’LU cU: w; gk € [O, 1], (sz)i,jyk <0 V(i,j, /{) S Q, wj 5.0 = 1, V(Z,]) S Q}

As a consequence of Theorem 5.2 we have:

PROPOSITION 7.1. The functional E(w) is a discrete total variation in U.

The proof of next Proposition has been sketched in Section 2. We give it for the
sake of completeness.

PROPOSITION 7.2. Assume that ¢ € D, 0 < < 1. We have 0 < w < 1.

Proof. Let us observe that for any o € IR we have E(wAa) < E(w) and E(wVa) <
E(w). Since 0 < 1 < 1, we have that ||¢p — (w A 1) < || — w]||. Hence

—(wAl —w
Ww(wm)ng(w),

2A
and by uniqueness of solutions we deduce that w A 1 = w. Hence w < 1. Similarly,
using [[1) — (w V 0)|| < [[¢ — wl| we obtain that w > 0. O

Let
SG := {F C Q: Fis the subgraph of u € Uy }.

Notice that if w = Xp, F € 8G, then w € A and w; ;. € {0,1} V(i,j k) € .
Conversely, if w € A and wi gk € {0,1} V(i,4,k) € Q, then F = {(i,5,k) € Q :
Wi .k = 1} € S8G.

Let L,,, M, € SG, with L,, cC M,,. We define

A(L'mMn) = {w € A Wik = 1V(i,j, k) € an Wi 5.k = OV(Z,j,]C) ¢ Mn}

Observe that A = A({(i,4,0) : (4,§) € Q},Q).
LEMMA 7.3. The sets A(L,, M,,) are closed convez sets satisfying property (2.3).
Proof. If w € A(Ly, M,), we have that Xw>t} € A(L,, M,) for all t € [0,1].
If weU,0<w< 1, is such that X(,>¢ € A(Ly, M,) for all t € [0,1], then
L, C{w>t}forallt <1and M C {w <t} for all t > 0. Thus w; ;, = 1 for all

(4,7,k) € Ly, w; j, = 0 for all (¢,7,k) & M,. Since

1
w(i,J}k):/ (X{w>t} )ik dt
0

it follows that V,w < 0. Hence w € fl(Ln,Mn). O
Then Theorem 3.2 proves that the narrow band method converge to a local min-
imum of the problem:

min &(w). (7.1)
weA
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In order to have a narrow band method we adapt the data domain at each Step.
Start with w°® = @w° € A with E(w’) < o0, A(Lg, My) = A. Then at each Step we
assume that we defined L,,, M,, € §G, with L,, CC M,,, that we have w" € fl(Ln, M,,)
and we solve the problem

min i||w —w"|? + E(w). (7.2)
weA(Ly,My,) 2A
Let w"*! be the unique solution of (7.2). Let us denote T}(w) = Xy}, w € A

Given w""! we may find t,41 such that £(T;,,,w" ) < E@"T') + €,41 where
>0 | €n < 00. The choice of £(T},,,w" ") is described with further detail in Lemmas
3.3 and 3.4.

We define

wn+1 = Ttn+1 (EnJrl)'

We define L, 1, M, +1 € SG such that L, 1 CC {w"! =1} CC M,41. We can use
a construction which at each step gives us unique such sets L,,, M,,. Now the sequence
of problems (7.2) is completely determined.

THEOREM 7.4. For n large enough the solution of (7.2) becomes a constant
and binary function. Thus the algorithm converges in finitely many steps to a local
minimum of E.

We also have

LEMMA 7.5. Assume that e < L and let n be such that (5.6) holds. Then the
infimum of {€(Xgn+154y) 1 ¢ € [min W max w"t1)} is attained at one of the
values E(X fgnt15min 1)) 07 (X fmnt1>max wnt1})-

7.1. Formulation of the energy and constraint in terms of an anisotropic
total variation. Let A > 0. Let us consider the anisotropy

ox((i,4,k),p,0°) = Ipls + W (i, 4. k)p°| + A(p®) T (7.3)
Then
|03\ . 3
max(|o|eos =—————) if ¢°>0
o Wi, j, k) + A
¢g<(l7]7 k)70', 03) = ( ) (74)
max(|o|so, %) if o%<0.

with the convention that the last maximum is infinity when W (i, j, k) = 0. Then for
each (7,7, k) € Q we have

Vs = {(0,0™) € Vi ¢3((i, 4, k), 0,0°) < 1}

={(0,0%) € Vi [0ijkloo <1, |07, 1| < W (i, k) if 0, | <0,

03 54l < Wi, k) + A if 0?, > 0.
Let us consider the energy
Ex(w) = Z [(Vayw)i el + W (4, j, B)|(Vsw)i k| + )‘((sz)i,j,k)Jr. )
(i,5,k)€Q
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By our definition of the gradient we may write

aw)= Y |(Vayw)ijrh + > W (i, 3, k) [(Vsw)i gl + AM(Vsw)i ju) ™
(i,4,k)€ Q (i,4,k)€ Q1<k<M

+ Z W (i, 5,0)|wi ji — 1] + Xwi j1 —1)F
(i,5)€Q

+ Y Wi g, M) wi |+ A—wi )

(i,5)€Q
(7.6)
LEMMA 7.6. We have that k := maxo<y<1 [|0Ex ()] < 00.
Indeed £ < [[Vay[| + [ Vs[[([Wlloo + A)-
Let us consider
Ay={weU:0<w , <1Y(i,j,k) €Q, w;jo0=1Y(i,j) € Q}.
Then we apply the narrow band strategy to minimize
min &y (w). (7.7)

we Ay

Again, in order to have a narrow band method we adapt the data domain at each
Step. Start with w® = w° € A, with E(w®) < oo, .,[l,\(LO,MO) = A,. Then at each
Step we have defined L,,, M,, € SG, with L, CC M,,, we have w" € ,Zl,\(Ln, M,,), and
we solve the problem

1
min = fw — w"||? + Ex(w). (7.8)
we Ay (L, M,) 24

Let w" ! be the unique solution of (7.8). Let us denote T}(w) = Xy}, w € As.
Given W™ we may find t,41 such that £(T;,,, w" ) < E@"T) + €,41 where
S €n < 00.

n=1
Notice that we may replace {w > tp41} by its connected component A, i
which contains {(4,7,0) : (7, j) € Q}. Indeed Ex(Xa,,) < Ex(Xwn>t,}). We define

n+1

n+1

w" Tl = XA”Jrl .
We define Ly, 41, My+1 € SG such that L1 CC A,41 CC M,41. Now the sequence
of problems (7.8) is completely determined.

LEMMA 7.7. Let wy be a minimum of (7.7). If X > 4M, then Vwy < 0.

Observe that if we take A\g > 4M, k = k(Ao) = || Vayll + | Vs||([|W]loe + Ao) and
A= ﬁ’ then Lemmas 3.4 and 7.7 hold. Then we converge to a local minimum of
& which is the graph of a solution of R.

Proof. Let wy be a minimum of (7.7). Then its level sets are also minima of
(7.7) and are binary functions. If we prove that V Xz, s < 0, then it follows that
Vswy < 0. Thus we may assume that w) is a binary function, i.e., Wy = Xz where
F € §G. If V,awy < 0 is not true, then there exists (ig,jo) € € and an interval

I := {k1+1,...,k271} Of{O,,M} with k1 + 1 < ko such that (io,jg,k’l) € F,
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(io,jo,kg) € F and (io,joJ{?) ¢ F for any k € I. Then we define F; = FU{(io,jo, k) :
k € I} Then

D WA RIVeXr)igel + A(VeXk)ige)t
(i,4,k)EQ

< Z WZJa VXF),jk|+/\((VXF),Jk)+ A.

On the other hand
Z |(VayXFy ijrli < Z |(VayXF)igxl +4M.
(i,j,k)e Q (i,j,k)e Q
Hence

SA(XFI) —5)\(XF) <4M — X <O.

This contradiction proves that V,wy < 0. O

8. Experiments. We applied the narrow band algorithm to two different multi-
label problems: disparity estimation and segmentation.

8.1. Disparity estimation. This first problem consists in finding the disparity
between two rectified images, as the ones shown in Figure 8.1. Denoting /; and I the
two images with domain Q = {1,..., N}?, we aim at seeking the disparity u of image
I, with respect to image I, which takes its values into the discrete set {lg, - ,lp}.
Let U := {u = (ui7j)f\f]-:1 cuij € {lo,---,1,}}. The problem can be formulated as:

mln Z xyu1J|1+a Z sza“zg) (81)

(%J)EQ (4,§)EQ
where a > 0, and the cost W for a pixel (7,7) € Q and a disparity u; ; is defined as:
W (i, j,ui ) = (1(, 5) = T2(i 4 wi 3, §))%.

We applied this process to the disparity estimation of the images shown in Figure
8.1 with 16 labels and o = 40.

FiG. 8.1. A pair of rectified images.
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1%
WY
‘

without band Ground truth

Fic. 8.2. Disparity estimation for increasing value of band size.

In Figure 8.2, we show the disparities obtained by the process for different sizes
of the band. The result without using a narrow band is also given. We can see that
for increasing band size, the result gets closer to the one obtained without band.

Table 8.3 gives a quantitative comparison of the obtained results with respect
to the ground truth using a threshold of 1 for wrong pixels. We can see from these
results that using a narrow band does not deteriorate the estimation, even for small
band widths. It even sometimes gives a better solution while not reaching the global
minimum of the energy. Indeed, as the disparity problem is not perfectly described
by the expression (8.1), reaching the global minimum does not guarantee a better
solution.

Let us now discuss these results in terms of energy and speed. In Figure 8.4, the
values of the minimum of the energy of problem (8.1) reached for the different band
sizes are drawn. We observe that the values of the energy obtained for any band
width are close to the energy obtained without band (the differences of the energies



A NARROW BAND METHOD. 21

Method Error (in %)
band width =1 2.25
band width=2 2.43
band width=4 2.50
band width=8 2.32
without band 2.33

F1a. 8.3. Percentage of wrong pizels with a threshold of 1 for the different estimations.

obtained with respect to the result without band, in relative terms, are smaller than
a 1% in all cases), and that increasing the band width allows recovering the global
minimum reached by the method without band.

1.408 1 1 1 1 1 1 1
1 2 3 4 8 B 7 8 without band
Band size

Fic. 8.4. Value of the energy (8.1) reached for different sizes of the band.

Concerning the speed analysis, we computed first the global minimum of the
problem (8.1) thanks to the method without band and evaluated its energy value
E,in. Then we applied the process for different sizes of the band (and with no band)
until reaching an energy E sufficiently close to the global minimum: ||E — Ein|| <
0.01F,,;n- In figure 8.5 we show the time necessary to reach this energy threshold.
As it can be observed, the computational time increases with the width of the band
until it reaches the time corresponding to the use of the whole domain. Notice also
that in the case of the narrow band, some additional computations are required in
order to compute the best threshold cut.

Let us finally underline that in our experiments, the unknown u was initialized in
a particular way. For each pixel (4, j) we initially choose u; ; so that W((4,j), u; ;) is
a minimum. This is equivalent to minimize the functional (8.1) without considering
the regularization term. Without this "good” initialization, the narrow band process
can be stuck into bad local minima, as illustrated in Figure 8.6.

8.2. Segmentation. In the case of segmentation, as in [14, 8], we solve the
Mumford-Shah functional for piecewise constant functions. Given an image I whose
domain is €2, we look for the optimal image partition Q, & = 0,..., M, where a
cost Wa((i,7),k) is defined for each pixel (i,5) € Q and each label kK = 0,..., M.
Associating a different gray level (or color) ¢ to each label, such a cost can be defined
as:

W2(iaj7 k) - (I(Zvj) - Ck)Z'
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Time (in seconds)

55 1 1 1 1 1 1 1
1 2 3 4 8 B 7 8 Without band
Band size

Fi1G. 8.5. Time necessary to reach an energy value close to the global minimum of the
energy (8.1) for different sizes of the band.

The Mumford-Shah problem can then be formulated as the minimization of the fol-

lowing functional for a label function u :  +— {0,..., M}.
min Z 6(|(Vayw)isl) + o Z Wal(i, j, wi ), (8.2)
(4,5)€Q (4,5)€Q

where a > 0 and 6(|(Vayu)ij;|) = 1if (Vayu)i; # 0, 0 otherwise. This is the Potts
model regularization. The resulting partition is given by Q := {(i,J) : u;; = k},
k=0,...,M. The convex relaxation of this model has been proposed and studied in
[8, 14]. Let us recall that, in this case, the relaxed convex problem for the embedding
function w defined as w(7, j, k) = X{u(i,j)>+} can be formulated as [14]:

i 3
min | max E i gk (Vayw)i i + max E Vw)i k05 ;
w ek } J ( Y ) J 70'5’,-kSW2(i,j,k) 4 ( ) Js i,k )
(1,5,k)€Q 7 (i,4,k)eQ,1<k<M

where o now belongs to the set K defined as:

K ={0=(0ijk) i jx)ea : Tiisk € R* Y(i,j,k) € Q,

> oijk] <1,(i,5) € Qand V(ky, ky) with 0 < ky < ky < M},

k1<k<ks 1

The projection of ¢ into this set is computed as in [14] using Dykstra’s algorithm.

The methods developed in this paper can be applied to this relaxed convex model.
We applied this process to segment the images shown in Figure 8.7. For a grey level
image I, we used o = 10 and 16 labels whose corresponding reference labels ¢; are
uniformly distributed between the minimum and the maximum gray levels.

In Figure 8.8, we show the segmentation of the first image in Figure 8.7 obtained
with the narrow band algorithm for different sizes of the band. The result obtained
without using a narrow band is also given. The segmentations obtained are quite
similar. It can nevertheless be noticed that some small structures disappear when the
band size is increased. Indeed, when the band size is too small, the process is too
local.

As for the disparity estimation problem, we checked numerically in Figure 8.9 that
the energy values reached by the narrow band method converge to the global energy
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Good initialization Smooth initialization

band width =1

band width =3 band width =4

Fic. 8.6. Solution obtained with the narrow band method with a smooth initialization.

minimum of problem (8.2). The computation time necessary to reach a neighborhood
of this global minimum is also illustrated in Figure 8.10 and still increases with band
size.

We finally show in Figures 8.11 and 8.12, the segmentations obtained on the two
last images of Figure 8.7.
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band width =1

Fic. 8.11. (a) Segmentations obtained for different sizes of the band. (b) Boundaries of
segmented regions.

(b)

band width =1 without band

Fic. 8.12. (a) Segmentations obtained for different sizes of the band. (b) Boundaries of
segmented regions.



