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ABSTRACT
In this paper the problem of optical flow and occlusion mask

estimation is aborded. To that end, we consider a multi-label

representation of the optical flow and we define an energy that

models the problem. The convexification of the energy and

its minimization with an iterative algorithm are studied. Our

algorithm is implemented in GPU, since each pixel can be

processed in parallel. From our experiments, the relation be-

tween the quality of the results obtained and computing time

seems to be very promising.

Index Terms— optical flow, occlusion, total variation

1. INTRODUCTION

In the literature, the problem of optic flow is classically based

on the well-known Horn and Schunck model [1]. This ap-

proach consists in derivating the continuous luminance con-

servation equation and leads to fast, as they can be paral-

lelized, and high quality results [2, 3]. These methods assume

that the mass of luminance is advected in time by the optical

flow and are completed with a spatial regularization of the

vector field. Nevertheless, in the boundaries of motion layers,

this last assumption is not valid. Moreover, the basic resolu-

tion induced by these approaches is limited to the search of

small displacements. To be able to recover fast motions, a

multi-resolution strategy should be used [4]. Pyramids repre-

senting the different scales of the images are then created and

the motion is recursively computed from the upper level to

the lower one. At each step, the problem is linearized around

the projection of the upper solution. In this case, the large

displacements of small structures cannot be estimated, since

the small objects disappear at the upper level of the pyramids.

Another possibility to tackle the optical flow problem is to

consider a discrete set of possible values for the optical flow.

This representation leads to a multi-label problem: for each

pixel of the image, one label (corresponding to one discrete

optical flow value of the predefined set) has to be estimated.

In this case, representations based on Markov Random Fields

and optimized through Graph-Cuts, Dynamic Programming

or Believe Propagation have been proposed [5, 6, 7]. The

discrete representation of the optical flow allows using the lu-

minance conservation assumption with a non derived formu-

lation. The model is then valid in all the non occluded areas

of the image. The estimation of large displacement of small

object is also technically possible. Nevertheless, such kind of

approach can be very slow when the number of pixels and the

number of possible labels become too high.

We here propose to rely on the recent work of Pock et

al. [8], where the multi-label disparity estimation problem is

formulated in a convex way. With this formulation, the min-

imization of the associated energy can be done in parallel, so

that very fast algorithms can be obtained. We therefore pro-

pose to extend this approach to the vectorial case and tackle

the problem of multi-label optical flow. We also adapt the

formulation in order to include occlusion mask between the

two images. The formulation is variational, so that the en-

ergy is minimized through an iterative process to solve the

Euler-Lagrange equations associated to the problem. More

precisely, the Euler-Lagrange equation is a non linear equa-

tion of partial derivatives that can be expressed in terms of lo-

cal interactions between pixels when discretized. For that rea-

son, this approach allows using GPU implementation, since at

each step, each pixel can be processed in parallel.

Let us now briefly describe the organization of the paper.

In section 2, basic variational models and the associated meth-

ods of convexification are described. In section 3, the appli-

cation of such a theory to the computation of optical flow and

occlusion mask is described. Some results are finally given in

section 4.

2. VARIATIONAL FORMULATION BASED ON
ENERGY CONVEXIFICATION

We here focus on multi-label problems for image processing.
Let Ω be the image domain. We aim at estimating a variable
u : Ω �→ Γ which takes its values in a predefined discrete
set containing N ordered elements: Γ = {a = u0 < · · · <
uN−1 = b}. This section is then dedicated to the minimiza-
tion of the following class of functionals:

J(u) =

∫
Ω

|∇u(x)|dx +

∫
Ω

ρ(x, u(x))dx, (1)

where ρ is a given positive data function and ρ(x, u(x)) rep-

resents the cost of assigning the value u(x) to the pixel x.
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We only assume that ρ is a bounded function that can be non

linear with respect to u. The first term
∫
Ω
|∇u| is a spatial reg-

ularization of the unknown on the image domain. More pre-

cisely, it measures the integral of the perimeters of the level

sets of u (see [9] for more details). Such a term, introduced

by [10], is known as the total variation of u.

This regularization is general and has been applied to a

lot of image processing problems as restoration [10], depth

estimation [8], 3D reconstruction [11] or optical flow [12].

2.1. Convexification of the multi-label problem
We now briefly recall the convexification technique of Pock et
al. [8]. The idea is to write the non-linearities of the functional
J(u) in a convex way, by introducing an auxiliary variable
φ : Ω × Γ �→ {0, 1} that represents the different values of u.
Let

φ(x, s) = H(u(x) − s), (2)

where H is the Heaviside function (H(r) = 1 if r ≥ 0, and
0 otherwise). The unknown u can then be recovered from φ
as

u(x) = u0 +

∫
Γ

φ(x, s)ds. (3)

We can now rewrite the functional (1) as a function of φ
instead of u.

J(φ) =

∫
Ω

∫
Γ

|∇xφ(x, s)|dsdx +

∫
Ω

∫
Γ

ρ(x, s)|φs(x, s)|dsdx.

(4)
In effect, by using the partial derivatives of φ,

∇xφ(x, s) = δ(u(x)−s)∇u(x), φs(x, s) = −δ(u(x)−s), (5)

one can check that∫
Ω

∫
Γ

|∇xφ(x, s)|dsdx =

∫
Ω

|∇u(x)|dx,

∫
Ω

∫
Γ

ρ(x, s)|φs(x, s)|dsdx =

∫
Ω

ρ(x, u(x))dx.

(6)

The functional (4) is convex in φ. To find the global mini-

mum of (1), one can find a φ minimizing (4), and then recover

u from φ. Care must be taken to ensure that it is possible to

compute u from φ. In particular, φ must be binary and de-

creasing with s (i.e. φs < 0). Unfortunately, the set of such

functions φ is not convex.
To recover convexity, the function φ should be allowed to

take values on [0, 1]. We introduce a convex set of admissible
functions,

A = {φ : 0 ≤ φ ≤ 1, φ(x, a) = 1, φ(x, b) = 0, φs ≤ 0}, (7)

and the convex problem

min
φ∈A

J(φ). (8)

Let φ∗ be its solution. Following [8], we have that any level
set of φ∗ is also a solution because J(1φ∗≥α) ≤ J(φ∗), for
all α ∈ (0, 1]. Therefore, a global mimimum of (1) can be
recovered as a ”cut” of φ. Given a threshold α ∈ (0, 1],

u(x) = max{s ∈ Γ : φ∗(x, s) ≥ α}. (9)

is a global minimum of (1).

2.2. Numerical optimization
The previous minimization problem (8) can be written as a
primal-dual problem:

min
φ∈A

max
Z∈C

∫
Ω

∫
Γ

∇x,sφ(x, s) · Zdsdx. (10)

where C is the set of vectorial fields Z = (z1, z2, z3), with zi,
i = 1, 2, 3 defined on Ω× Γ such that

z2
1(x, s) + z2

2(x, s) ≤ 1 and |z3(x, s)| ≤ ρ(x, s), ∀(x, s) ∈ Ω × Γ
(11)

More details can be found in [8]. The basic ideal is to con-

sider an alternate optimization using a proximal point algo-

rithm [13, 14, 8]. A gradient ascent strategy is used on Z,

while u is updated with a gradient descent method. At each

step the variables are projected onto the convex sets C and A.

Derivating problem (10) with respect to φ or Z leads to sim-

ple expressions that can be considered independently for each

pixel and implemented in parallel.

3. A VARIATIONAL MODEL FOR OPTICAL FLOW
AND OCCLUSION MASK ESTIMATION

We aim at estimating the optical flow between two consecu-
tive images I1 and I2. More precisely, we seek for the optical
flow w(x) = (u(x), v(x)) going from image I1 to image I2

by minimizing the following energy:

J(u, v) =

∫
Ω

|∇u(x)|dx+

∫
Ω

|∇v(x)|dx+
1

λ

∫
Ω

ρ(x, u(x), v(x))

(12)

We assume that u(x) (resp. v(x)) takes its values in the in-
terval [a, b] (resp. [c, d]). The field w(x) = (u(x), v(x)) then
represents the displacement field of pixels x of image I1. The
cost function ρ can then be defined as:

ρ(x, u(x), v(x)) =
1

λ
|I1(x) − I2(x + w(x))|. (13)

Up to now, we did not include any occlusion mask. Ob-

serve also that the conservation of the luminance hypothe-

sis is included in a non derived way. In optical flow litera-

ture, a linearized version is classically considered ρ(x, w) =
(It + w · ∇I)2), to simplify the resolution. This kind of lin-

earization is nevertheless only valid if the image gradient ∇I
is smooth enough and is not able to deal properly with occlu-

sions. Our data term is then more general but non linear and

non convex with respect to w.

Following the calculus of section 2, we now write the non

linearities of problem (12) in a convex way, by introducing

additional variables that allow using optimization algorithms

such as primal-dual ones.

3.1. Polyconvexification of the multi-label optical flow
problem
Let φ(x, s) = H(u(x) − s) and ψ(x, t) = H(v(x) − t) be
two auxiliary functions, where H still denotes the Heaviside
function and s, t ∈ R. Note that φ (resp. ψ) is independent of
t (resp. s). The unknown variables u and v can be recovered
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from φ and ψ with the integration (3). The problem can then
be considered as a problem defined on binary variables φ and
ψ. For simplicity, we assume that b − a = d − c. Following
section 2, the class of admissible functions AF is defined as

AF = {(φ, ψ) : 0 ≤ φ, ψ ≤ 1, φs ≤ 0, ψt ≤ 0,

φ(x, a) = ψ(x, c) = 1, φ(x, b) = ψ(x, d) = 0}. (14)

Let us now compute the partial derivatives of these functions:

∇xφ(x, s) = δ(u(x) − s)∇u(x), φs(x, s) = −δ(u(x) − s),

∇xψ(x, t) = δ(v(x) − t)∇v(x), φt(x, t) = −δ(v(x) − t).
(15)

Following section 2, the regularization terms of energy (12)
can be written as∫

Ω

|∇u(x)|dx =
1

d − c

∫
Ω

∫ b

a

∫ d

c

|∇xφ(x, s)|dtdsdx,

∫
Ω

|∇v(x)|dx =
1

b − a

∫
Ω

∫ b

a

∫ d

c

|∇xψ(x, t)|dtdsdx.

(16)

The data term is finally rewritten as∫
Ω

ρ(x, u(x), v(x))dx=

∫
Ω

∫ b

a

∫ d

c

ρ(x, s, t)φs(x, s)ψt(x, t)dtdsdx.

(17)

We end up with the following problem

min
(φ,ψ)∈AF

F(φ, ψ), (18)

with

F(φ, ψ) =
1

λ

∫
Ω

∫ b

a

∫ d

c

ρ(x, s, t)φs(x, s)ψt(x, t)dtdsdx

+

∫
Ω

∫ b

a

∫ d

c

|∇xφ(x, s)|dtdsdx+

∫
Ω

∫ b

a

∫ d

c

|∇xψ(x, t)|dtdsdx,

(19)

where the factor b − a = d − c has been absorbed by the
parameter λ. The energy F(φ, ψ) is not convex in variables
φ and ψ, but polyconvex [15]. The reason is that ρ ≥ 0 and
φs(x, s)ψt(x, t) is nothing else than the determinant of the
Jacobian matrix in (s, t) as:(

φs φt

ψs ψt

)
=

(
φs 0
0 ψt

)
.

Polyconvex functionals are quasiconvex. Quasiconvexity is
the right extension of the notion of convexity for vector valued
functions. Under assumptions, it guarantees the existence of
minimizers and the well-posedness (in a certain sense) of the
energies. Even if the numerical analysis of such functionals
is not so well-developed, we use an alternate minimization
scheme to solve (18). Assuming that ψ (resp. φ) is known,
the energy is minimized with respect to φ (resp. ψ). In both
cases, we can linearize with respect to the optimized variable.
For instance, when optimizing with respect to φ, we have the
problem

min
φ

(d−c)

∫
Ω

∫ b

a

|∇xφ(x, s)|dsdx+
1

λ

∫
Ω

∫ b

a

Ψ(x, s)φs(x, s)dsdx,

(20)

where the factor Ψ can be computed as:

Ψ(x, s) =

∫ d

c

ρ(x, s, t)ψt(x, t)dtdx, (21)

and the numerical optimization method of section 2.2 can be

used to minimize (20).

3.2. Occlusion mask

In order to include the estimation of the occlusion mask, we
redefine the data term as:

ρ(x,u(x),v(x),m(x))=
m(x)

λ
|I1(x)−I2(x+w(x))|+γ(1−m(x)).

(22)

where the binary function m(x) represents the occlusion

mask and takes the value 1 when the pixel x is visible in both

images and the value 0 otherwise. In this second case, an

occlusion cost γ > 0 is paid. The final functional is obtained

by incorporating this term in the energy (12) and adding a

regularization term on the occlusion mask μ
∫
Ω
|∇m|, with

μ ≥ 0. The optimization of such a functional with respect to

m is also done following a primal-dual strategy, by relaxing

the binary mask onto the convex interval [0,1] and cutting

with respect to a threshold α ∈ (0, 1].

4. EXPERIMENTS

In this section, the method is applied to data available on the

Middlebury website (http://vision.middlebury.edu/flow/data).

The regularization parameter λ was set to 20, the occlusion

parameter γ to 80 and the regularization parameter of the oc-

clusion mask is μ = 10. The method has been implemented

in GPU using CUDA. On Figure 1, we show results obtained

on the RubberWhale images attesting that the visual quality

of the estimated optical flow and mask are fine.

(a) (c) (e)

(b) (d) (f)
Fig. 1. Results obtained on the RubberWhale data. The original

images (a) and (b) are used to compute the optical flow (c) and the

occlusion mask (e). The ground truth is given in images (d) and (f).

On table 1, we also give the associated errors and the

needed computational time. In this table, the Root Mean

Square Error (RMSE) between estimation w and ground

truth wt is given. The mean and the maximal values of the

groundtruth motion norm are also given. The error is thus

inferior to 10% of the maximum amplitude of the norm. We

also give Nu and Nv , the number of possible values for the

motion components u and v. For such a rough discretization,

the results are quite interesting. The method is fast but not

real time, as 10 alternate iterations of φ and ψ are needed in

practice, and the multiple computations of relation (21) are

time consuming. We finally illustrate the application of the

process to more data in figure 2.
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Images RMSE |w − wt| Mean |wt| Max |wt| Nu Nv Time

RubberWhale 0.36 1.24 4.6 31 31 5s

Dimetrodon 0.22 1.96 4.7 51 51 20s

Grove2 0.46 3.09 5 25 25 15s

Grove3 1.6 3.91 18.6 28 28 17s

Hydrangea 0.46 3.48 11.1 23 23 8s

Urban2 1.3 8.39 221.18 45 30 15s

Table 1. Comparison of the quantitative results on the Middlebury

optical flow benchmark datasets. The RMS Error |w − wt| between

estimation w and ground truth wt is given for the 6 studied examples.

Fig. 2. Results obtained on the Middlebury data Dimetrodon,

Grove2, Grove3, Hydrangea and Urban2. The original images are

shown in the first and second columns. The true optical flow in the

third column is then compared to the estimated one in the forth

5. CONCLUSIONS AND PERSPECTIVES
In this paper, we proposed and implemented a variational

model for the estimation of optical flow. The proposed en-

ergy can be minimized through standard and simple numeri-

cal methods and can be implemented in parallel on the GPU.

Up to our knowledge, this is the first variational method that

solves the optical flow problem using its polyconvexification.

The quality of the results with respect to the required compu-

tational time is interesting. As a drawback, the process needs

a large number of possible labels to reach better accuracy

in the results. As the convexification implies increasing the

dimension of the unknown variable, the method is currently

limited to rough estimations. Indeed, the more labels, the

more memory space is needed to store the auxiliary func-

tions. To circumvent this limitation, either we develop a

multi-label refinement algorithm (a kind of multi-resolution

strategy on labels), or we use a narrow band type method

in order to reduce the computations to a band around the

solution as in [16]. This will be the subject of a future work.
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