
Multi-label depth estimation for graph 
uts stereo problemsNi
olas Papadakis∗ and Vi
ent Caselles†June 10, 2010Abstra
tWe des
ribe here a method to 
ompute the depth of a s
ene from a set of at least twoimages taken at known view-points. Our approa
h is based on an energy formulation of the3D re
onstru
tion problem whi
h we minimize using a graph-
ut approa
h that 
omputes alo
al minimum whose energy is 
omparable (modulo a multiple 
onstant) with the energy ofthe absolute minimum. As usually done, we treat the input images symmetri
ally, mat
h pix-els using photo
onsisten
y, treat o

lusion and visibility problems and we 
onsider a spatialregularization term whi
h preserves dis
ontinuities. The details of the graph 
onstru
tionas well as the proof of the 
orre
tness of the method are given. Moreover we introdu
e amulti-label re�nement algorithm in order to in
rease the number of depth labels withoutsigni�
antly in
reasing the 
omputational 
omplexity. Finally we 
ompared our algorithmwith the results available in the Middlebury database.1 Introdu
tionDepth estimation is a highly studied problem in 
omputer vision. Appli
ations su
h as stereo-movies, 3D re
onstru
tion or novel view synthesis are indeed all based on the same basi
 ingredi-ent: �nding the depth of a s
ene seen from several 
ameras. All the methods giving good resultson this problem and developed within the past 10 years 
an not be des
ribed here, as it wouldrequire half a book [11, 16, 26, 27, 28, 30, 29, 31℄. Let us only underline that the approa
hesgiving the more a

urate results are often based on graph 
uts [17, 18, 20℄ and belief propagation[16, 27, 30℄ minimizations, a

ording to Middlebury database. In this work, we are interested inthe seminal works on graph 
ut algorithm by Boykov, Kolmogorov et. al. in a series of papers[4, 5, 17, 18, 20℄. More pre
isely, in the appli
ation of graph 
uts to the depth estimation problemas presented in the last three papers.Our approa
h 
an be 
onsidered as a 
ombination of the ideas of [17, 18, 20℄ with a slightlydi�erent energy presentation. We believe that the des
ription of the energy models relative tostereo problems that 
an be found in the graph 
uts literature [17, 18, 20℄ presents some la
ksof details that makes its implementation harder. Introdu
ing an energy fun
tion that modelsthe problem of depth estimation from a set of images in the more general way, we explain howthe graph representability of the involved energies determines the o

lusion management, and�nally we re
over the energy of [18℄ as a spe
i�
 
ase. In this paper we give a presentation of theproblem whi
h is well suited to �ll-in all details of the graph 
onstru
tion. They will be given inthe Appendix.
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The proposed energy is based on a multi-label formulation of plane sweeping. It 
ontains fourterms: a photo-
onsisten
y mat
hing 
ost for 
ouples of 
orresponding pixels in pairs of images, apenalty on the o

luded regions, a visibility 
onstraint term and a regularization term. As usuallyin graph 
ut approa
hes, we use a regularization term based on the Potts model 
ombined with a
ontours mask. When 
onsidering the a
tual best te
hniques dedi
ated to disparity estimation,it appears that most of them are strongly dependent on a previous segmentation of the images[27, 28, 31℄. We believe that segmentations may be di�
ult to 
ontrol in real images and they donot always provide the results that one would like. For this reason we 
hoose a 
ontours mask,whi
h is easier to 
ontrol, spe
ially if 
ontours are 
omputed as signi�
ant edges in the sense of[8℄ (the ones we used, although a good implementation of the Canny edge dete
tor 
ould also beused). This information 
an be easily added to the regularization term of the energy.We �nally 
onsider the problem of in
reasing the depth resolution by means of a multi-label re�nement approa
h. The use of hierar
hi
al s
hemes or warping te
hniques to obtaina

urate estimations is a 
ommon te
hnique in the variational (and partial di�erential equation)approa
hes to opti
al �ow 
omputation or stereo [1, 2, 6, 10, 15, 21℄ (see also [25℄ and referen
estherein), where perturbations around the 
urrent solution permit to obtain faster and morea

urate solutions, but it has not been adapted to the graph 
uts 
ontext. We propose anadaptation here for our energy model.Let us des
ribe the plan of the paper. In Se
tion 2 we re
all some basi
 fa
ts about imagehomographies indu
ed by planes in the 3D s
ene. In Se
tion 3 we present the energy used tomodel the depth estimation problem. We then des
ribe in Se
tion 4 the minimization of theproposed energy with a graph 
ut algorithm and we dis
uss in Se
tion 5 the extension of themethod to a multi-label re�nement of the depth estimation. In Se
tion 6, we �nally show resultsobtained on stereo ben
hmark data sets, that present signi�
ant improvements with respe
t to theoriginal paper of [18℄. The �nal Appendix 
ontains the details that permit an easy 
onstru
tionof the asso
iated graph for ea
h α expansion step of the minimization algorithm.2 PreliminariesTo �x our notation, we assume that we have N ≥ 2 
ameras, one of them taken as the referen
eone. Thus, we 
onsider N images Ii : Ωi → IRm, where Ωi ⊆ IR2 denotes the domain of Ii,
i = 1 · · ·N , and m = 1 in 
ase of gray level images or m = 3 for 
olor images. We denote by
I = {(i, j) ∈ {1, · · · , N}2, i 6= j}, the set of oriented pairs of images.Our energy fun
tional is based on the formulation of plane sweeping [7℄. A plane of the 3Ds
ene indu
es an homography between ea
h pair of images, and the proje
tions of image pointswhi
h lie on the plane are mat
hed by this homography. Thus, we may sweep the s
ene witha family of parallel ordered planes Πλ, ea
h one indexed by a parameter λ > 0 indi
ating itsdepth, and only the points of the s
ene lying on Πλ will be mat
hed in two images Ii and Ij ,
i 6= j, by the 
orresponding indu
ed homography Hij

λ (see [12℄, page 326 for more details). Thehomography Hij
λ 
an be written as Hij

λ = (Hj
λ)−1Hi

λ where Hk
λ is the homography between the kimage plane and Πλ, k = 1, · · · , N . Obviously, this is the 
ase only if the point is visible in both
ameras. It is important in pra
ti
e that the sweeping planes are not too slanted with respe
tto the 
ameras. Noti
e also that the model only 
onsiders a point approximation to the obje
tin the s
ene without taking into a

ount its orientation (of its tangent plane) with respe
t tothe 
amera. A better approximation 
ould be obtained by 
omparing pat
hes around ea
h pixel.Nevertheless, if the obje
t's orientation with respe
t to ea
h 
amera is very di�erent we 
ould2



have di�
ulties in 
omparing the information of both pat
hes, if we do not take into a

ount theobje
t's relative deformation.As usual, the mat
hing is measured by a photo-
onsisten
y term and a 
onstant penalty isin
luded for o

lusions. These two terms are 
omplemented by the regularization term whi
hpenalizes neighboring pixels with similar intensity level or 
olor and having di�erent depth labels.The 
oheren
e between the estimations obtained from di�erent 
ameras is �nally enfor
ed witha visibility 
onstraint. The N images are treated in a symmetri
 way.Before giving the pre
ise des
ription of our energy, let us re
all the parameterization of thehomographies indu
ed by a family of sweeping planes.2.1 The image homographies indu
ed by a plane in the s
eneWe assume that the 
amera model is the �nite proje
tive 
amera model. Let (X,Y,Z)⊤ ∈
IR3 be the 
oordinates in the world 
oordinate system Rw, whi
h are mapped by the 
amerato the 
oordinates (x̃, ỹ, z̃)⊤ ∈ IR3 in the 
amera 
oordinate system Rc. If ~C denotes theve
tor of 
oordinates of the 
amera 
enter in Rw, and R = (rij) denotes the 3 × 3 rotationmatrix representing the orientation of the 
amera 
oordinate frame, then, using homogeneous
oordinates, we have

(x̃, ỹ, z̃, 1)⊤ =

[

R ~t
~0⊤ 1

]

(X,Y,Z, 1)⊤, (1)where the 
lassi
al notation ~t = −R~C = (t1, t2, t3)
⊤ represents the relative translation of bothreferen
e systems written in Rc, and ~0 = (0, 0, 0)⊤. If K denotes the 3×3 
alibration matrix 
on-taining the intrinsi
 parameters of the 
amera and (x, y, 1)⊤ the homogeneous image 
oordinates,then

(x, y, 1)⊤ = K[R,~t](X,Y,Z, 1)⊤.The 3 × 4 matrix P = K[R,~t] is the proje
tion matrix.Let us re
all the equations of the homography between the image plane and a plane sweepingthe s
ene. Let Πλ be a 3D plane given in Rc by the equation
[0, 0, 1,−λ][x̃, ỹ, z̃, 1]⊤ = 0. (2)Using (1) the equation of Πλ in Rw is

[0, 0, 1,−λ]

[

R ~t
~0⊤ 1

]

[X,Y,Z, 1]⊤ = [r13, r23, r33, t3 − λ][X,Y,Z, 1]⊤. (3)Given the N images Ii : Ωi → IR, i = 1, · · · , N , obtained by N 
ameras whose 
alibrationmatri
es are Ki and whose proje
tion matri
es are P i = Ki[Ri,~ti], we �rst 
hoose a 
amera
k ∈ {1, · · · , N} as the referen
e 
amera of the planes in IR3. In our appli
ations we take themiddle image as referen
e k = ⌊N/2⌋, where ⌊.⌋ denotes the integer part. We have the plane Πλde�ned by its 
oe�
ients [rk

13, r
k
23, r

k
33, t

k
3 − λ]. One 
an then de�ne the proje
tions Hi

λ indu
edby the plane Πλ that maps a pixel pi ∈ Ωi to the s
ene point Hi
λpi lying to the 3D plane

Πλ. Next, we 
an 
ompute the homography Hij
λ = Hj

λ(Hi
λ)−1 indu
ed by the plane Πλ. Thishomography maps a pixel pi ∈ Ωi to a pixel pj = Hij

λ pi ∈ Ωj with respe
t to the 3D plane Πλ.Su
h homographies are in pra
ti
e used to �nd the 
orresponden
es between images i and j withrespe
t to the 3D plane Πλ. Using [12℄, page 326, we 
an also write the homography Hij
λ as

Hij
λ = Kj[R̃ − t̃n⊤/(tk3 − λ)](Ki)−1,where R̃ = Rj(Ri)−1, t̃ = −Ri~ti + ~tj , and n = [rk

13, r
k
23, r

k
33]

⊤.3



3 The energy formulationAs explained in Se
tion 2 our energy fun
tional is based on a variational formulation of planesweeping. It 
ontains four terms: a photo
onsisten
y mat
hing 
ost for 
ouples of 
orrespondingpixels in pairs of images, a penalty on the o

lusion regions, a visibility 
onstraint term and aregularization term whi
h penalizes the neighboring pixels with similar intensity level or 
olor tohave di�erent depth labels. Moreover, the images are treated in a symmetri
 way. For ea
h pairof images (i, j) ∈ I, let Mij ⊆ Ωi be the set of pixels in Ωi whi
h are o

luded in image j. Wewant to �nd the depth λ(p) asso
iated to ea
h p ∈ Ωi, i = 1, · · · , N , and the sets of o

ludedpixels Mij. Note that these sets of o

luded pixels 
an be estimated from the knowledge ofthe depth. As the problem will be solved in a dis
rete framework via a graph 
ut approa
h,we assume that the depth λ(p) takes its values in a prede�ned dis
rete set of possible depths
ontained in the range [λmin, λmax].Let us de�ne the four energy 
ontributions. The mat
hing 
ost is
Ematch(λ) :=

∑

(i,j)∈I

∑

p∈Ωi

D(p,Hij

λ(p)p)T (λ(p) = λ(Hij

λ(p)p)) (4)where T (·) is 1 if its argument is true and 0 otherwise. This energy 
onsiders the s
ene points
Hi

λ(p)p, with p ∈ Ωi , that are visible in both images Ii and Ij. The mat
hing 
ost D(p, q) :

Ωi ×Ωj 7→ IR measures the di�eren
e between the 
olors Ii(p) and Ij(q) of the pixels p ∈ Ii and
q ∈ Ij . We will detail this fun
tion latter on as its minimization by graph 
uts involves somerestri
ted 
lass of mat
hing fun
tions.The 
ost of o

luded regions is

Eocc(λ) := γ
∑

(i,j)∈I

∑

p∈Ωi

T (λ(p) > λ(Hij

λ(p)p)), (5)where γ ≥ 0 is the o

lusion parameter. Indeed, if λ(p) > λ(q), where q = Hij

λ(p)p, then thes
ene point Hi
λ(p)p is o

luded by the s
ene point Hj

λ(q)q in the image Ij. The 
ost γ penalizesthe o

lusions.We say that a labeling depth fun
tion λ : ∪N
i=1Ωi → [λmin, λmax] satis�es the visibility 
on-straints if

∀q ∈ Ωj, j =1 · · ·N , for whi
h ∃p ∈ Ωi with i 6= j su
h that q = Hij

λ(p)p, then λ(q) ≤ λ(p). (6)We will refer to the (p, q) visibility 
onstraint when the relation (6) holds. This 
onstraintmeans that a pixel p of an image i 
an be o

luded by a pixel q in image j, if and only if thedepth of q is smaller than the depth of p. We denote by Avis the set of admissible depth labelingsthat verify relation (6).As previously explained, in 
ase that λ(q) < λ(p), then the 3D point Hi
λ(p)p of the s
ene isvisible in image Ii but not in image Ij . Thus p ∈ Mij. If λ(q) = λ(p), then the 3D point Hi

λ(p)pis visible in both images. Hen
e, the energy that permits to impose the visibility 
onstraint is
Evis(λ) : = U

∑

(i,j)∈I

∑

p∈Ωi

T (λ(p) < λ(Hij

λ(p)p)), (7)where U → ∞ is a large s
alar that prevents the solution to violate the visibility 
onstraint.4



To de�ne the regularization energy, let us 
onsider a de
reasing fun
tion F : [0,∞)×[1,∞) →
[0,∞), des
ribed in the next paragraph, that penalizes the dis
ontinuities of the depth labeling
λ in the homogeneous regions of the image. The neighborhood N ǫ

pi
, pi ∈ Ωi, is de�ned as

N ǫ
pi

= {q ∈ Ωi, q 6= pi, |q − pi| ≤ ǫ}, ǫ > 0. (8)In pra
ti
e we have taken Npi
= N

√
2

pi
, that 
orresponds to a 8-neighborhood system. Theregularization energy is

Ereg(λ) := α

N
∑

i=1

∑

pi∈Ωi

∑

qi∈Npi

F (|Ii(pi) − Ii(qi)|, |pi − qi|)|λ(pi) − λ(qi)|, (9)where α ≥ 0 is the regularization parameter. Finally, we want to minimize the energy E de�nedas:
min

λ∈Avis

E(λ) := Ematch(λ) + Eocc(λ) + Evis(λ) + Ereg(λ). (10)Remark 1 In pra
ti
e, when indu
ed by an arbitrary plane in IR3, the homography transfor-mation Hji
λ does not ne
essarily map integer to integer 
oordinate values. As the graph 
utapproa
hes are dis
rete, , given a pixel p ∈ Ωi we have to take the integer 
oordinates of the
orresponding pixel ⌊Hij

λ pi⌋. As a 
onsequen
e, one has to 
hoose the value of Hji
λ su
h that

pi = ⌊Hji
λ ⌊H

ij
λ pi⌋⌋. Nevertheless, noti
e that this problem disappears when 
omputing integerdisparities between pairs of re
ti�ed images, as pixel to pixel 
orresponden
es are involved inthis 
ase.Regularization fun
tionThe regularization fun
tion F (|Ii(pi) − Ii(qi)|, |pi − qi|)|λ(pi) − λ(qi)| is 
omposed of two parts.The �rst one, F (|Ii(pi) − Ii(qi)|, |pi − qi|), weights the dis
ontinuities of the labeling taking intoa

ount the image gradient. This fun
tion is big when its �rst argument |Ii(pi)− Ii(qi)| is small.The se
ond argument |pi−qi| enables weighting the in�uen
e of pixel qi, the neighbor of pixel pi,with respe
t to their Eu
lidean distan
e. The larger |pi − qi|, the smaller F . In our experiments,following [17, 18, 20℄, we have taken

F (r1, r2) =

{

1/r2 if r1 > σ
κ/r2 otherwise (11)with κ > 0 and σ > 0. Noti
e that the fun
tion F is always positive sin
e it is better in pra
ti
eto in
lude a minimum penalty for the label dis
ontinuities. Hen
e, the parameter κ permits tospe
ify the range of values of the fun
tion F . With respe
t to [20℄, we have empiri
ally set κ = 3and σ = 5. Let us point out that we have also tested a 
ontinuous version of the regularizationfun
tion su
h as (1 + κexp(−r2

1/σ
2))/r2, but 
uriously it leads to worst results in pra
ti
e.Let us mention that this regularization term is not new and is 
ommonly used [3, 5, 10℄ (seealso [25℄ and referen
es therein).The se
ond term, |λ(pi) − λ(qi)|, is a total variation type term. It 
an be repla
ed by

min(|λ(pi) − λ(qi)|, b) (in pra
ti
e we set b = 2). Note that in the 
ase b = 1 we re
over thePotts model, T (λ(pi) 6= λ(qi)), whi
h does not weight the amplitude of the depth dis
ontinuities.5



(a) (b) (
)Figure 1: Extra
tion of the signi�
ant level lines of the image: An input image (a) is shifted togrey value (b). Applying [8℄, the signi�
ant level lines of the grey level image are extra
ted to give a mapof 
ontours (
).Moreover, we use the information given by the signi�
ant edges of the image in the sense of[8℄. This is done by extra
ting the so-
alled signi�
ant (in terms of length and 
ontrast) levellines of the images Ii, as illustrated in �gure 1.We then dispose of a set of masks of 
ontours Ci : Ωi 7→ {0; 1}, with Ci(pi) = 1 if pi belongsto the dete
ted 
ontours in image Ii. We then use this additional information by 
onsidering
F (|Ii(pi) − Ii(qi)|, |pi − qi|τ(pi)). The s
alar τ(pi) is set to 1, ex
epting for pixels belonging toa 
ontour (i.e. Ci(pi) 6= Ci(qi)). In this 
ase, we have τ(pi) = τ̃ > 1, with τ̃ = 1.3 in pra
ti
e.This pro
ess allows to de-penalize the depth dis
ontinuities on the dete
ted 
ontours Ci. It thusimproves the estimation at the boundaries of image dis
ontinuities.4 Minimization of the energy using a graph 
ut algorithmWe now propose to solve the minimization problem (10) using a graph 
ut method with an
α-expansion algorithm [5℄. Let G = (V, Ed) be a dire
ted graph. The set of verti
es V = {vi}
orresponds to the set of pixels pi ∈ P, where P = ∪Ωi, with two additional distinguishedterminal verti
es {S, T} 
alled the sour
e and the sink. The set of edges linking the verti
es isdenoted by Ed.A 
ut C = {VS ,V⊤} is a partition of the set of verti
es su
h that S ∈ VS , T ∈ V⊤. The 
ostof the 
ut is the sum of the weights of the edges between a vertex in VS and a vertex in V⊤. Aminimum 
ut is a 
ut with a minimum 
ost. The minimum 
ut 
an be found by 
omputing themaximal �ow using the Ford and Fulkerson algorithm [9℄. Any 
ut 
an be des
ribed by a set ofbinary variables {xi}i=1,...,n, one for ea
h vertex in V = {vi}i=1,...,n, so that xi = 0 when vi ∈ VSand xi = 1 when vi ∈ V⊤. Thus, if the graph represents an energy, this energy 
an be viewed asa fun
tion of the n binary variables {xi}.To minimize the energy (10) we need to 
reate a graph adapted to the energy E(λ) su
hthat the minimum 
ut 
orresponds to its minimum. Sin
e the depth λ(p) takes a dis
rete set ofvalues, the global minimum of (10) 
ould be 
omputed with a minimum 
ost multiway 
ut, butthis problem is known to be NP-hard [5℄. If we �x the o

lusion regions, the energy has the form

E(f) =
∑

p∈P
C(p, f(p)) +

∑

(p,q)∈N
Vp,q(f(p), f(q)) (12)where P is the set of pixels, N ⊆ P ×P is any neighborhood system on pixels, f(p) is the labelasso
iated to p, C(p, f(p)) is the 
ost of assigning the label f(p) to pixel p (a fun
tion derivedfrom the data), and Vp,q(f(p), f(q)) is the 
ost of assigning the labels f(p), f(q) to the adja
ent6



pixels p, q and is used as a regularization term. While the global minimum of the energy 
an be
omputed in the 
ase of binary variables, the situation is more 
omplex for a general dis
reteset of labels. It 
an be e�
iently 
omputed if the labels are 
onse
utive integers and Vp,q is the
L1 metri
 [13, 14, 22℄. It 
an also be 
omputed if Vp,q is a 
onvex fun
tional, by 
onsideringthe binary set under the graph of f [13℄. The 
omputation of the global minimum in the 
aseof a dis
ontinuity preserving regularization is more 
omplex. In the 
ase of the Potts model
Vp,q(f(p), f(q)) = T (f(p) 6= f(q)) where T (·) is 1 only if its argument is true, the 
omputationof the global minimum is NP-hard [5℄. For that reason, several parti
ular strategies have beendesigned in order to 
ompute lo
al minima whi
h are within a known multipli
ative fa
tor ofthe global minimum energy. Between them, we mention the α-expansion algorithm [5℄. Let usdes
ribe it.Assume that the set of labels is a �nite set L. Given a labeling P → L and a parti
ularlabel α ∈ L, we say that the labeling f̃ is within an α-expansion of f if f̃(p) = f(p) ea
h time
f̃(p) 6= α. If Vp,q is a metri
 for ea
h pair (p, q), then the problem of �nding the minimumof the energy in the 
lass of all α-expansions of f 
an be formulated as the minimization of anenergy fun
tional depending on a �nite set of binary variables. Then the algorithm realizes 
y
lesthrough the set of labels α ∈ L �nding ea
h time the lowest energy α-expansion move from the
urrent labeling. It adopts f̃ as the new 
urrent labeling if f̃ has a lower energy than the 
urrentone. The algorithm ends when there is no more α-expansion move with lower energy, for anylabel α.To minimize the energy (10) we 
onstru
t a graph whose verti
es 
orrespond to the pixels ofthe N images. The labeling is identi�ed with the depth fun
tion λ that takes a �nite number ofvalues L ⊆ [λmin, λmax]. If λ is the 
urrent labeling and α ∈ L, we asso
iate a binary value xto ea
h vertex p so that x(p) = 1 if p adopts label α and x(p) = 0 if it keeps the old label λ(p).We then write the energy of a labeling λ̃(p) within an α-expansion of λ as an energy fun
tiondepending on a �nite set of binary variables.Following [19℄, a fun
tion E of n binary variables xi is in the 
lass F2 if it 
an be representedas

E(x1, . . . , xn) =
∑

k

Ek(xk) +
∑

k<l

Ek,l(xk, xl).We say that Ek,l is regular if
Ek,l(0, 0) + Ek,l(1, 1) ≤ Ek,l(0, 1) + Ek,l(1, 0). (13)If Ek,l are non-regular, the minimization of E is NP-hard [19℄. In pra
ti
e, the edges of the graph
orresponding to the energies are built from the values of Ek(0), Ek(1), Ek,l(0, 0), Ek,l(0, 1),

Ek,l(1, 0) and Ek,l(1, 1), as explained in [19℄.4.1 Reformulation of the energyLet us �x a 
urrent labeling λ whi
h satis�es the visibility 
onstraints and α ∈ L. We are goingto des
ribe in detail the α-expansion moves in order to minimize (10) and write the energy as afun
tion in the 
lass F2 with regular energies Ei,j. The data mat
hing 
ost, the o

lusion 
ostand the visibility 
onstraint are jointly modeled by two binary energies that are regular. In orderto introdu
e them, let us de�ne the set Aα as
Aα = {(pi, pj), with pi ∈ Ωi, pj ∈ Ωj, (i, j) ∈ I, su
h that pj = H ij

α pi}7



and the set A0 as
A0 = {(pi, pj), with pi ∈ Ωi, pj ∈ Ωj, (i, j) ∈ I, su
h that pj = H ij

λ(pi)
pi and λ(pi) 6= α}.Re
alling that the fun
tions in Avis verify the relation (6), we de�ne the admissible 
lass

Aλ,α := {λ̃ ∈ Avis, su
h that λ̃(p) ∈ {λ(p), α} ∀p ∈ ∪N
i=1Ωi}We are going to introdu
e two regular energies Eα

ij and E0
ij asso
iated to the sets Aα and A0so that for any λ̃ ∈ Aλ,α the energy E(λ̃) de�ned in (10) 
an be written as

E(λ̃) = Ẽ(λ̃) + Ereg(λ̃), (14)where
Ẽ(λ̃) =

∑

(i,j)∈I

∑

(pi,pj)∈Aα

Eα
ij(λ̃(pi), λ̃(pj)) +

∑

(i,j)∈I

∑

(pi,pj)∈A0

E0
ij(λ̃(pi), λ̃(pj)). (15)Now, observe that we may write Eα

ij(λ̃(pi), λ̃(pj)), E0
ij(λ̃(pi), λ̃(pj)) as energies depending onbinary variables if we asso
iate the label x(p) = 1 when λ̃(p) = α and x(p) = 0 when λ̃(p) = λ(p).From now on we shall use this 
onvention. Observe also that if pi ∈ Ωi, then there may be onlytwo pixels asso
iated to pi in Ωj, namely pj := H ij

λ(pi)
pi and p′j := Hij

α pi. Therefore we may write
Ẽ(λ̃) =

∑

(i,j)∈I

∑

pi∈Ωi

[

Eα
ij

(

x(pi), x(p′j)
)

T
(

(pi, p
′
j) ∈ Aα

)

+ E0
ij (x(pi), x(pj)) T

(

(pi, pj) ∈ A0
)]

,(16)The energies Eα
ij and E0

ij jointly model the mat
hing and o

lusion 
osts and the visibility
onstraints. When restri
ted to the 
lass Aλ,α the problem (10) is equivalent to
min

λ̃∈Aλ,α

Ẽ(λ̃) + Ereg(λ̃). (17)The 
onstru
tion of the edges 
orresponding to the regularization term of the energy (10) is
lassi
al [19℄ and we will not detail it here.4.2 Des
ription of Eα
ijLet us �rst des
ribe Eα

ij , (i, j) ∈ I, the energy asso
iated to Aα. For all (pi, pj) ∈ Aα, i.e.
pj = Hij

α pi, this energy models:(i) the mat
hing 
ost D(pi, pj) between pi and pj,(ii) the o

lusion 
ost γ of a pixel pi by pj,(iii) the visibility 
onstraint between pi and pj . That is, λ̃(pj) ≤ λ̃(pi).For the sake of 
larity, we des
ribe in Appendix A the di�erent possible geometri
 
on�gura-tions of the pair of points pi ∈ Ωi, pj ∈ Ωj su
h that (pi, pj) ∈ Aα.
8



4.3 Des
ription of E0
ijLet us now detail E0

ij , (i, j) ∈ I, the energy asso
iated to A0. For all (pi, pj) ∈ A0, i.e. pj =

Hij

λ(pi)
pi, this energy models:(i) the mat
hing 
osts, relative to the labels di�erent from α, between pi and pj,(ii) the o

lusion 
ost γ of a pixel pi by pj,(iii) the visibility 
onstraint between pi and pj . That is, λ̃(pj) ≤ λ̃(pi).For the sake of 
larity, we des
ribe in Appendix B the di�erent possible geometri
 
on�gura-tions of the pair of points pi ∈ Ωi, pj ∈ Ωj su
h that (pi, pj) ∈ A0.4.4 De�nition of the mat
hing 
ost fun
tionFrom the previous 
ases des
ribed in appendi
es A and B, it appears that the fun
tions Eα

i,jand E0
i,j are regular depending on the 
hoi
e of the mat
hing fun
tion D. In parti
ular, theseenergies are regular in the sense of relation (13) as soon as D(pi, pj) ≤ γ, for all pi ∈ Ωi, pj ∈ Ωj,

(i, j) ∈ I. This 
ondition means that the mat
hing 
ost 
an not ex
eed the o

lusion 
ost. Thisstrong 
onstraint is however ne
essary to minimize 
orre
tly the energy with graph 
ut.We then de�ne the mat
hing 
ost fun
tion as:
D(pi, pj) := min(

m
∑

l=1

|I l
i(pi) − I l

j(pj)|, γ),where I l
i is the l-
olor 
hannel of image Ii : Ωi → IRm. In [18℄, the o

lusion parameter isautomati
ally 
hosen as

γ = sup
i,j,pi,pj

D(pi, pj).Su
h a model 
onsiders a too high o

lusion 
ost, and we prefer to set γ as a parameter to be
hosen.Remark 2 As the homography transformation does not ne
essarily map integer to integer 
o-ordinate values, for ea
h pixel p ∈ Ωi, a bilinear approximation is used to 
ompute I l
j(H

ij
λ p).Remark 3 The 
onstru
tion of the graph 
an be equivalently simpli�ed by �rst modifying themat
hing 
ost between pi ∈ Ωi and pj ∈ Ωj as

D̃(pi, pj) := D(pi, pj) − γ (18)with γ > 0, and then resetting the o

lusion 
ost γ to zero. In this 
ase, we exa
tly re
over themat
hing 
ost fun
tion of [18℄. In pra
ti
e, this tri
k enables to pay a null 
ost for all o

lusions
ases. This modi�
ation redu
es the 
omplexity of the graph 
onstru
tion, as a lot of edges havenow a null weight. In this paper, 
ontrary to [18℄, we 
hoose to present the energies with positivemat
hing and o

lusion 
osts, in order to give an intuitive meaning to the di�erent variables andparameters involved.
9



4.5 Properties of the 
onstru
ted energiesProposition 1 If λ satis�es the visibility 
onstraints, so does any λ̃ ∈ Aλ,α, α ∈ L, su
h that
Ẽ(λ̃) < ∞. In parti
ular, the minimum of (17) satis�es them.From the de�nition of the energies Eα

ij, E0
ij , it is 
lear that if Hij

λ̃(pi)
pi = pj , then λ̃(pj) ≤

λ̃(pi). Thus the above statement follows.Proposition 2 The formula (15) holds. Indeed, for ea
h (pi, pj , p
′
j) where pj = Hij

λ(pi)
pi, p′j =

Hij
α pi, we have that Eα

ij(x(pi), x(p′j)) + E0
ij(x(pi), x(pj)) is

= D(pi, pj) if there is a mat
hing between pi and pj,
= D(pi, p

′
j) if there is a mat
hing between pi and p′j,

= γ if the 
on�guration represents an o

lusion of pi by pj or by p′j, , i.e. pi ∈ Mij ,
= +∞, if there is a violation of visibility either of (pi, pj), (pj , pi), (pi, p

′
j), or (p′j , pi).The proof of this Proposition 
onsists in 
he
king for ea
h 
on�guration of (pi, pj) all possible
on�gurations of (pi, p

′
j) 
onsistent with it. Sin
e this 
he
king is immediate but tedious we omitthe details (they 
an be easily 
he
ked using the full des
ription of the energies Eα

ij and E0
ij givenin the appendix. Just noti
e that the only possibilities are the ones des
ribed above: given α, pi
an either mat
h with pj or with p′j, it 
an be o

luded by pj or p′j, or there may be a violationof the visibility 
onstraint in the 
on�guration we examine. The o

lusion of pj or p′j by pi willpay γ when we 
ompute the 
on�guration asso
iated to the 
ameras (j, i).The α-expansion algorithmThe α-expansion is summarized in Algorithm 1.Algorithm 1 Depth estimation- Initialize with a 
on�guration respe
ting the visibility 
onstraint: λ(p) = λmax, ∀p ∈ Ii,

i = 1, · · · , N .- Repeat until 
onvergen
e, for α = λmax, · · · , λmin,1 Constru
t the edges relative to the terms Eα
ij and E0

ij , i, j = 1, · · · , N .2 Constru
t the regularization edges.3 Cut the graph.4 Labeling: if, after the 
ut, a vertex v is asso
iated to the sink, then λ(p) = α.5 A multi-label re�nement algorithm for depth estimationUsing a very large set of possible labels improves the a

ura
y of the estimation. Nevertheless,the 
omputational 
ost of the pro
ess in
reases with the 
onsidered number of labels. Anotherimportant point is the memory storage, as pre-
omputing all the possible mat
hing 
osts D(p, q)may lead to huge memory allo
ations in 
ase of large sets of labels. One solution to get around10



this problem 
ould be to re
ompute the ne
essary mat
hing 
osts for ea
h α-expansion, but itwould drasti
ally in
rease the 
omputational time. Another approa
h 
onsists in 
onsideringhierar
hi
al algorithms.Hierar
hi
al s
hemes based on a multi-resolution image representation or warping methods are
ommonly used in the 
ontext of variational methods or partial di�erential equation approa
hesto opti
al �ow 
omputation or stereo [1, 2, 6, 10, 15, 21℄ (see also [25℄ and referen
es therein)where perturbations around the 
urrent solution permit to obtain faster and more a

uratesolutions. For graph 
ut optimization, su
h kind of approa
h would nevertheless indu
e thepropagation of errors at the boundaries of obje
ts. In order to treat this problem, a 
omplexspe
i�
 pro
ess dealing with the visibility 
onstraint at the depth dis
ontinuities should then beapplied at ea
h level of the image pyramid. For this reason, we 
hoose to de�ne a multi-labelre�nement s
heme of the depth in order to improve the quality of the estimation while keepingan attra
tive 
omputational time.5.1 Labeling re�nementAfter applying the algorithm of the previous se
tion, we obtain a �rst depth estimation λ(p) ∈
L = [λmin;λmax] for all p ∈ Ωi, i = 1, · · · , N . As the set of labels L is in pra
ti
e dis
rete, �niteand ordered, we 
an denote by L the number of its elements and rewrite it as:

L = {λl}l∈{0,··· ,L−1},with λ0 = λmin and λL−1 = λmax. In order to make this dis
rete estimation more a

urate, wepropose a multi-label re�nement pro
ess in order to 
onsider a larger number of possible depths.We then re�ne the set L by a fa
tor M and we 
onsider the following set of labels:
LM = {λl}l∈{0, 1

M
,... M−1

M
,1,···L−2+ M−1

M
,L−1}.Next, the multi-label depth re�nement is only done on the neighborhood of the values ofthe �rst depth estimation λ. More pre
isely, in order to redu
e the 
omputational 
ost of thispro
ess, we want to take advantage of the �rst estimation to restri
t the number of possiblelabels for ea
h pixel. Considering a pixel p whose 
urrent depth estimation is λ(p) = λlp ∈ L,the new admissible set of labels for this pixel is:

L(p) := [λlp−1, λlp+1] ∩ LM .5.2 Multi-label energiesA slightly modi�ed α-expansion algorithm is applied for all α ∈ LM .5.2.1 Domain of the multi-label α-expansionWe �rst de�ne Ωα
i ⊆ Ωi, i = 1, · · · , N , as the sets of pixels that 
an take the label α:

Ωα
i = {p ∈ Ωi su
h that α ∈ L(p)}. (19)In the new graph, we in
lude one vertex for ea
h pixel p ∈ Ωα

i . That is, we only 
onsider thepixels that 
an take the label α. This redu
es signi�
antly the size of the 
urrent graph. For allthe verti
es 
orresponding to p ∈ Ωα
i , i = 1, . . . , N , the graph is then built as explained in theprevious se
tion. 11



5.2.2 Boundary of the multi-label α-expansionAs the regularization term (11) measures the dis
repan
y between the label of two neighborpixels, we have to in
lude this information on the boundary of the regions Ωα
i . In order to keepthe 
ontinuity of the 
urrent estimation λ, we de�ne the boundary set Bα

i of Ωα
i as

Bα
i = {p ∈ Ωi\Ω

α
i su
h that ∃q ∈ Np ∩ Ωα

i , Np being the neighborhood of p}. (20)Hen
e, for ea
h image i, one vertex is added for ea
h pixel p ∈ Bα
i . For the verti
es 
orrespondingto pixels p ∈ Ωα

i , i = 1, . . . , N , the graph is built as explained in the previous se
tion. For thepixels p belonging to the boundary set Bα
i , we need a new energy term Ebound. For any labeling

λ̃ within an α-expansion of the 
urrent labeling λ, this energy is de�ned as
Ebound(λ̃) := U

∑

p∈Bα
i

T (λ̃(p) = α), (21)with U > 0 being a large 
onstant. Hen
e, for ea
h image i, one vertex is added for ea
h pixel
p ∈ Bα

i . As before, this energy 
an be written with respe
t to the binary variable x(λ̃(p)) witha graph representable energy Ebound:
Ebound(λ̃) =

∑

p∈Bα
i

Ebound(x(λ̃(p))).This energy sets Ebound(1) = ∞ and Ebound(0) = 0 for the verti
es 
orresponding to pixels
p ∈ Bα

i . Indeed, a pixel p ∈ Bα
i 
annot take the label α, sin
e from de�nitions (19) and (20),

α /∈ L(p).5.2.3 Visibility in the multi-label α-expansionMoreover, some additional 
onstraints must be added to respe
t the visibility 
onstraint. Assumethat the 
urrent label of q ∈ Ωj\Ω
α
j is λ(q) and there exists p = Hji

λ(q)q ∈ Ωα
i . Due to the visibility
onstraint, the pixel p 
an not always 
hange its label to α. Indeed, if p is 
urrently o

luding

q or if p and q are 
urrently mat
hing, some violation of the visibility 
onstraint 
ould appearas q is not involved in the 
urrent α-expansion, sin
e α /∈ L(q). As a 
onsequen
e, during the
α-expansion, the pixel p 
an only 
hange its label to the value α if λ(p) > λ(q) and α > λ(q).In the other 
ases, the visibility 
onstraint 
an be violated for the pixel q. The set of pixels that
an violate the visibility 
onstraint is denoted by Cα and de�ned as

Cα := {p = Hji

λ(q)q ∈ Ωα
i , su
h that q ∈ Ωj\Ω

α
j and λ(p) ≤ λ(q) or α ≤ λ(q)}.We then design a last visibility energy EC

vis for the pixels p ∈ Cα. For any labelling λ̃ within an
α-expansion of the 
urrent labelling λ, this energy is de�ned as

EC
vis(λ̃) := U

∑

p∈Cα

T (λ̃(p) = α), (22)with U > 0 being a large 
onstant. As before, this energy 
an be written with respe
t to thebinary variable x(λ̃(p)) with a graph representable energy Evis:
Evis(λ̃) =

∑

p∈Bα
i

Evis(x(λ̃(p))).12



This energy sets EC
vis(1) = ∞ and EC

vis(0) = 0 for the verti
es 
orresponding to the pixels p ∈ Cα.In pra
ti
e, the multi-label re�nement pro
ess presents one main advantage: the memoryne
essary to store the possible mat
hing 
osts is signi�
antly redu
ed, as ea
h pixel 
an onlytake a redu
ed range of depth labels at ea
h level of resolution. This property makes the pro
essfaster than 
onsidering dire
tly the whole set of possible labels, sin
e it allows pre-
omputingthe di�erent mat
hing 
osts even for a �nal huge number of labels.If the memory is big enough to pre-
ompute all the mat
hing 
osts, we have observed that,for the same �nal amount of labels, the multi-label re�nement is always faster than the dire
testimation. The speed gain is nevertheless small (up to 25%).6 Appli
ation to disparity estimationConsidering the planes in IR3 
orresponding to disparity values, one 
an apply the depth al-gorithm to the estimation of disparity from pairs of re
ti�ed images. Indeed, from the fo
aldistan
e f of the 
amera and the distan
e D between opti
al 
enters, the disparity d is linkedto the depth λ through the relation d = Df/λ. Then the 
orresponding homography matrixbetween the images 1 and 2 is given by
H12

λ =





1 0 Df/λ
0 1 0
0 0 1



 .We have applied su
h a pro
ess to the Middlebury ben
hmark disparity data [23, 24℄ 
omposedof four datasets and obtained some signi�
ant improvements 
omparing to the original methodof [18℄. Namely, as presented in Figure 2, the introdu
tion of the distan
e between depth in theregularization term allows re
overing some smoother disparity maps. Our approa
h has been�rst applied with one label per integer disparity value, that is, with L possible labels (we referto it in Tables 1 and 3 as 'Exp. L'). Then, we have doubled the number of labels, by 
onsideringreal disparities (0, 0.5, 1, 1.5, ...) in order to rea
h subpixel a

ura
y. We have 
omputed thedisparity with 2L labels in two di�erent ways:
• A dire
t estimation1 with 2L labels ('Exp. 2L')
• A re�ned estimation using 'Exp. L' as the �rst resolution, followed with a multi-labelre�nement 
orresponding to M = 2 ('Exp. 2L + ML').Noti
e that the results presented here have been obtained with the same parameters for thefour sequen
es and all the experiments: o

lusion γ = 17 and regularization α = 3. Tuningindependently the parameters for ea
h pair of images obviously leads to smaller errors (in that
ase the mean error has been redu
ed up to 5.5). The 
omputational time 
orresponding to theseresults is from 10 se
onds for the Tsukuba images up to one minute for the Teddy and Conesimages on a standard PC.We show in Table 1 the per
entage of pixels of the image with a disparity error greaterthan 1, for the non o

luded parts (No

), the whole image (all), and the region around thedis
ontinuities (Dis
). As illustrated by the last 
olumn of this table, the simple method 'Exp.L' performs very well with respe
t to the state-of-the-art te
hniques. We have only quoted the1The dire
t estimation has been done with a pre-
omputing of the mat
hing 
ost when it was possible to storein memory all the information. 13



Tsukuba Venus Teddy Cones
Ground truth

AdaptingBP [16℄
Exp. L

Exp. 2L + ML
Multi
am GC [18℄Figure 2: Visualization of the results obtained on the Middlebury ben
hmark datasets. We
ompare the ground truth with the results obtained by four methods. First, the method of [16℄ having thebest quantitative evaluation, then the results obtained by our approa
h, without and with a multi-labelre�nement of depth and �nally the results of the original paper [18℄.te
hniques with very good performan
e, as well as all the approa
hes based on graph 
uts. Letus underline that the 
urrent total number of evaluated methods on the website is nearby 50and they 
an not be all reported here. It is important to underline that the only methods thatpresent some better quantitative results all require a segmentation of the regions of the images.We nevertheless believe than su
h a pre-pro
essing may fail and badly 
onstrain the disparityestimation in real 
ases.The obtained results are quite interesting when 
onsidering the two subpixel results. Firstof all, with the same parameters as before, we observe an in
rease of the error in Table 1 forthese two approa
hes. This observation is quite natural for the label re�nement approa
h 'Exp.2L + ML'. Indeed, the se
ond level of resolution is realized in the neighborhood of the previousestimation 'Exp. L' that was 
onsidering integers disparities. As a 
onsequen
e, there is no gainon the error rate 
orresponding to the threshold 1. In the 
ase of the dire
t estimation 'Exp.2L', the in
rease of the error may be intuitively explained by the fa
t that too many labels arepossible for ea
h pixel. From the high 
ombinatory of this labeling problem, the pro
ess seems14



Method Sequen
es MeanTsukuba Venus Teddy ConesNo

 All Dis
 No

 All Dis
 No

 All Dis
 No

 All Dis
AdaptingBP [16℄ 1.11 1.37 5.79 0.10 0.21 1.44 4.22 7.06 11.8 2.48 7.92 7.32 4.23CoopRegion [28℄ 0.87 1.16 4.61 0.11 0.21 1.54 5.16 8.31 13.0 2.79 7.18 8.01 4.41DoubleBP [30℄ 0.88 1.29 4.76 0.13 0.45 1.87 3.53 8.30 9.63 2.90 8.78 7.79 4.19OutlierConf [29℄ 0.88 1.43 4.74 0.18 0.26 2.40 5.01 9.12 12.8 2.78 8.57 6.99 4.60AdaptOvrSegBP [27℄ 1.69 2.04 5.64 0.14 0.20 1.47 7.04 11.1 16.4 3.60 8.96 8.84 5.59SymBP+o

 [26℄ 0.97 1.75 5.09 0.16 0.33 2.19 6.47 10.7 17.0 4.79 10.7 10.9 5.92Exp. L 0.9 1.32 4.82 0.45 0.84 3.32 6.46 11.8 17.05 4.34 10.55 10.37 6.04AdaptDispCalib [11℄ 1.19 1.42 6.15 0.23 0.34 2.50 7.80 13.6 17.3 3.62 9.33 9.72 6.10OverSegmBP [31℄ 1.69 1.97 8.47 0.50 0.68 4.69 6.74 11.9 15.8 3.19 8.81 8.89 6.11Exp. 2L 0.92 1.33 4.97 2.23 2.64 4.48 7.10 12.67 17.99 5.34 11.43 12.31 6.95Exp. 2L + ML 0.99 1.4 5.36 0.63 1.08 4.23 8.16 13.87 19.5 5.25 11.27 11.91 6.97GC+o

 [17℄ 1.19 2.01 6.24 1.64 2.19 6.75 11.2 17.4 19.8 5.36 12.4 13.0 8.26MultiCamGC [18℄ 1.27 1.99 6.48 2.79 3.13 3.60 12.0 17.6 22.0 4.89 11.8 12.1 8.31GC [4℄ 1.94 4.12 9.39 1.79 3.44 8.75 16.5 25.0 24.9 7.70 18.2 15.3 11.4Table 1: Comparison of the quantitative results on the Middlebury ben
hmark datasets with a disparityerror threshold of 1.to get stu
k in a bad lo
al minimum of the energy. Indeed, as previously mentioned, graph
ut algorithms �nd lo
al minima whi
h are within a known multipli
ative fa
tor of the globalminimum energy [5℄. When observing the energy of the di�erent solutions found by our pro
ess(see Table 2), this explanation seems reasonable.Experien
e Tsukuba Venus Teddy ConesExp. L -746894 -533160 -947660 -705721Exp. 2L -743147 -455284 -936695 -648662Exp. 2L + ML -746922 -534561 -959592 -712202Table 2: Comparison of the energy value of the lo
al minimum found by the graph 
ut optimization forthe di�erent tested approa
hes. The values are negative as the mat
hing 
ost is negative from relation(18). The multi-label re�nement approa
h always �nds the lo
al minimum with the smallest energy.If we now look at a smaller error threshold, the results are quite di�erent. We show in Table 3the per
entage of pixels of the image with a disparity error greater than 0.5, for the non o

ludedparts (No

), the whole image (all), and the boundaries of the dis
ontinuities (Dis
). It appearsthat the multi-label re�nement pro
ess 'Exp. 2L + ML' really de
reases this rate with respe
t tothe �rst level of estimation 'Exp. L', with some signi�
ant improvements on the Tsukuba imagedata. On the other hand, the dire
t estimation with the full label resolution 'Exp. 2L' does notimprove the quality of the estimation. It is also important to see that the order of the methodsgiving the best results 
hanges when modifying the threshold.Method Sequen
es MeanTsukuba Venus Teddy ConesNo

 All Dis
 No

 All Dis
 No

 All Dis
 No

 All Dis
AdaptOvrSegBP [27℄ 5.98 6.56 9.09 3.66 3.96 13.2 13.0 18.9 26.4 9.48 14.9 17.2 11.9OverSegmBP [31℄ 7.75 8.17 13.8 4.33 4.73 16.8 13.2 19.3 27.5 6.53 12.6 14.0 12.4CoopRegion [28℄ 18.9 19.5 21.2 1.38 1.77 9.39 10.6 15.3 22.6 5.36 10.6 13.0 12.5Exp. 2L + ML 2.96 3.61 8.51 7.71 8.33 14.46 14.97 21.41 28.06 10.8 16.59 18.8 13.02AdaptingBP [16℄ 9.1 19.3 17.4 4.84 5.08 7.84 12.8 16.7 26.3 7.02 13.2 14.0 13.6DoubleBP [30℄ 18.7 19.1 15.8 7.82 8.22 11.3 14.4 19.9 24.4 11.8 17.6 19.7 15.7SymBP+o

 [26℄ 20.7 21.6 19.5 5.96 6.27 10.2 15.7 20.9 31.7 11.4 17.5 18.9 16.7Exp. L 15.45 15.88 16.19 8.89 9.44 13.57 15.72 22.17 30.41 14.48 20.22 22.15 17.05OutlierConf [29℄ 24.7 25.0 17.4 8.01 8.27 13.7 15.6 20.5 28.7 10.9 17.3 17.4 17.3GC+o

 [17℄ 6.10 7.11 14.6 10.7 11.3 16.9 23.7 30.1 34.6 12.2 19.2 21.9 17.4AdaptDispCalib [11℄ 24.6 24.7 21.3 7.14 7.56 15.0 18.8 25.2 29.7 9.21 15.1 16.7 17.9Exp. 2L 11.77 12.24 14.84 14.19 14.69 15.15 18.36 24.63 32.5 14.88 20.42 21.96 17.97MultiCamGC [18℄ 6.56 7.55 15.7 16.4 16.8 17.6 24.3 30.4 36.9 12.0 18.8 21.2 18.7GC [4℄ 7.71 9.82 17.4 13.5 15.0 20.9 31.5 38.5 38.9 15.9 25.5 24.7 21.6Table 3: Comparison of the quantitative results on the Middleburry stereo ben
hmark datasets with adisparity error threshold of 0.5.As illustrated on the table 2, the multi-label re�nement approa
h always �nds the lo
alminimum with the smaller energy. This table supports our model. Indeed, the smaller is the15



energy of the solution found, the better is the error with respe
t to the Middlebury most a

uratethreshold of 0.5 (see Table 3).From these experiments, it seems better to restri
t the number of possible labels for the �rstlevel of estimation and in
rease it in a se
ond turn. With respe
t to a dire
t full estimation, themulti-label re�nement approa
h allows us to obtain very a

urate results while speeding-up thepro
ess.7 Con
lusion and future worksIn this paper, we have addressed the problem of depth estimation of a s
ene seen from multiple
ameras. After de�ning a fun
tional relying on photo
onsisten
y, o

lusion, visibility and reg-ularization, we have fully detailed its minimization using a graph 
uts optimization. We have�nally introdu
ed a multi-label re�nement s
heme that enables to speed up the pro
ess whilestill giving very a

urate results on the Middlebury ben
hmark dataset.This work is our �rst step to address the problem of view synthesis from a virtual point ofview in the 
ase of stati
 s
enes. The other ingredients that will be needed are the transfer ofinformation to the new virtual view point, the handling of o

lusions by using the informationfrom other 
ameras, the matting approa
h and the eventual inpainting of the missing details.A
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A Energy EαWe now des
ribe the di�erent possible geometri
 
on�gurations of the pair of points pi ∈ Ωi,
pj ∈ Ωj whi
h have 
urrent labels λi = λ(pi) and λj = λ(pj) and su
h that (pi, pj) ∈ Aα, namely
Hij

α pi = pj. Let vi denotes the vertex of pixel pi and vj the one of pixel pj. Let us re
all thatthe sour
e is S and the sink T . The weight of a dire
ted edge that goes from vertex a to vertex
b is denoted by eab. In pra
ti
e, we have a ∈ {V, S} and b ∈ {V, T}.We also re
all that the energy Eα

ij(x(p), x(q)) involves x(p) (resp. x(q)), the binary label of
p ∈ Ωi (resp. q ∈ Ωj). In an α-expansion algorithm, if x(p) = 1, then p will take the depth label
α. If x(p) = 0, p will keep its 
urrent depth label λ.Finally, remark that the energy Eα

ij does not 
onsider its arguments pi and pj in a symmetri
way. Namely, it 
ounts the o

lusion of pi by pj but does 
onsider the o

lusion of pj by pi. Thisse
ond 
ase will thus be treated with the energy Eα
ji. Otherwise, we would penalize twi
e theo

lusion. For the visibility 
onstraint this 
laim does not hold anymore, as we 
an sum in�niteswithout 
hanging the result.We will illustrate the di�erent 
ases o

uring during the α-expansion algorithm for a pixel

pi ∈ Ωi of the 
amera Ci and its 
orresponding pixel pj = Hij
α pi ∈ Ωj of the 
amera Cj .The following 
ases, that give a full des
ription of Eα

ij , have to be 
onsidered:- λi = λj = α. As illustrated in �gure 3, this 
on�guration means that pi and pj already
orrespond with the label α and nothing will 
hange, so* Eα
ij(1, 1) = D(pi, pj),* Eα
ij(1, 0) = D(pi, pj),* Eα
ij(0, 1) = D(pi, pj),* Eα
ij(0, 0) = D(pi, pj).In terms of edges: eSvi

= eviT = D(pi, pj).
pj

Ci
Cj

pi

λ(pi) = λ(pj) = α

Eα
ij(1, 1) = Eα

ij(1, 0) = Eα
ij(0, 1) = Eα

ij(0, 0) = D(pi, pj)Figure 3: Value of the energy Eα
ij for λi = λj = α.
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- λi = λj 6= α. It means that pi and pj did not 
orrespond with the 
urrent label. We haveto distinguish two 
ases:
• if λi < α, then

∗ Eα
ij(1, 1) = D(pi, pj), the 
ost of mat
hing between pi and pj,

∗ Eα
ij(1, 0) = γ, pj will o

lude pi in the image Ij (i.e. pi ∈ Mij),

∗ Eα
ij(0, 1) = 0, pi will o

lude pj (i.e. pj ∈ Mji),

∗ Eα
ij(0, 0) = 0.These 
ases are illustrated in �gure 4. Noti
e that the third situation does not violatethe visibility 
onstraint sin
e we do not have that Hij

λi
pi = pj . In terms of edges:

eSvi
= D(pi, pj), evjvi

= γ − D(pi, pj).
pj

Ci Cj

pi

λ(pi) = λ(pj)

α > λ(pi)

pj

Ci Cj

pi

λ(pi) = λ(pj)

α > λ(pi)

pj

Ci Cj

pi

λ(pi) = λ(pj)

α > λ(pi)

pj

Ci Cj

pi

λ(pi) = λ(pj)

α > λ(pi)

Eα
ij(1, 1) = D(pi, pj) Eα

ij(1, 0) = γ Eα
ij(0, 1) = 0 Eα

ij(0, 0) = 0Figure 4: Value of the energy Eα
ij for λi = λj < α.

• if λi > α, then
∗ Eα

ij(1, 1) = D(pi, pj), the 
ost of mat
hing between pi and pj,
∗ Eα

ij(1, 0) = +∞, impossible. Otherwise, as Hij
α pi = pj and λ̃j = λj > λ̃i = α,this would 
ontradi
t the visibility 
onstraint for (pi, pj),

∗ Eα
ij(0, 1) = +∞, impossible. Otherwise this would violate the visibility 
onstraintfor (pj , pi),

∗ Eα
ij(0, 0) = 0.In terms of edges: eSvj

= D(pi, pj), evivj
= evjvi

= ∞. These 
ases are illustrated in�gure 5.
α < λ(pi)

λ(pi) = λ(pj)

pj

Ci Cj

pi

α < λ(pi)

λ(pi) = λ(pj)

pj

Ci Cj

pi

α < λ(pi)

λ(pi) = λ(pj)

pj

Ci Cj

pi

α < λ(pi)

λ(pi) = λ(pj)

pj

Ci Cj

pi

Eα
ij(1, 1) = D(pi, pj) Eα

ij(1, 0) = +∞ Eα
ij(0, 1) = +∞ Eα

ij(0, 0) = 0Figure 5: Value of the energy Eα
ij for λi = λj > α.18



- λi = α 6= λj . We have to distinguish two 
ases:
• λj < α. It means that pj was previously o

luding pi. Then

∗ Eα
ij(1, 1) = D(pi, pj), 
ost of mat
hing between pi and pj,

∗ Eα
ij(1, 0) = γ, pj still o

ludes pi ,

∗ Eα
ij(0, 1) = D(pi, pj), 
ost of mat
hing between pi and pj,

∗ Eα
ij(0, 0) = γ, pj still o

ludes pi .In terms of edges: eSvj

= D(pi, pj), evjT = γ. These 
ases are illustrated in �gure 6.
pj

Ci
Cj

pi

λ(pi) = α

λ(pj) < α

pj

Ci
Cj

pi

λ(pi) = α

λ(pj) < α

Eα
ij(1, 1) = Eα

ij(0, 1) = D(pi, pj) Eα
ij(1, 0) = Eα

ij(0, 0) = γFigure 6: Value of the energy Eα
ij for λi = α > λj.

• λj > α. As illustrated in �gure 7, this 
on�guration is impossible sin
e we areassuming that λ satis�es the visibility 
onstraint.
pj

Ci
Cj

pi

λ(pi) = α

λ(pj) > α

Figure 7: Impossible 
on�guration when λi = α < λj .- λj = α 6= λi. We have to distinguish two 
ases:
• λi < α. It means that pi was previously o

luding pj. Then

∗ Eα
ij(1, 1) = D(pi, pj), 
ost of mat
hing between pi and pj,

∗ Eα
ij(1, 0) = D(pi, pj), 
ost of mat
hing between pi and pj,

∗ Eα
ij(0, 1) = 0, pi still o

ludes pj,

∗ Eα
ij(0, 0) = 0, pi still o

ludes pj,Noti
e that the last two 
ases do not violate the visibility 
onstraint, sin
e even if

λ̃j > λ̃i, it does not hold that Hij

λ̃i

pi = pj. In terms of edges: eSvi
= D(pi, pj). These
ases are illustrated in �gure 8. 19



pj

Ci
Cj

pi

λ(pj) = α

λ(pi) < α

pj

Ci
Cj

pi

λ(pj) = α

λ(pi) < α

Eα
ij(1, 1) = Eα

ij(1, 0) = D(pi, pj) Eα
ij(0, 1) = Eα

ij(0, 0) = 0Figure 8: Value of the energy Eα
ij for λj = α > λi.

• λi > α. As illustrated in �gure 9, this 
on�guration is impossible sin
e we are assumingthat λ satis�es the visibility 
onstraint and this situation means that Hji
α pj = pi while

λi > λj = α.
pj

Ci
Cj

pi

λ(pi) > α

λ(pj) = α

Figure 9: Impossible 
on�guration when λj = α < λi.- λi 6= α, λj 6= α and λi 6= λj . We have to distinguish four 
ases:
• λi < α and λj < α. Then

∗ Eα
ij(1, 1) = D(pi, pj), 
ost of mat
hing between pi and pj,

∗ Eα
ij(1, 0) = γ, pj will o

lude pi,

∗ Eα
ij(0, 1) = 0, pi will o

lude pj,

∗ Eα
ij(0, 0) = 0.As above, the third situation does not violate the visibility 
onstraint. In terms ofedges: eSvi

= D(pi, pj), evjvi
= γ −D(pi, pj). These 
ases are illustrated in �gure 10.

pj

Ci Cj

pi

α

λ(pj) < α

λ(pi) < α

pj

Ci Cj

pi

α

λ(pj) < α

λ(pi) < α

pj

Ci Cj

pi

α

λ(pj) < α

λ(pi) < α

pj

Ci Cj

pi

α

λ(pj) < α

λ(pi) < α

Eα
ij(1, 1) = D(pi, pj) Eα

ij(1, 0) = γ Eα
ij(0, 1) = 0 Eα

ij(0, 0) = 0Figure 10: Value of the energy Eα
ij for λi < α and λj < α.20



• λi < α < λj . Then
∗ Eα

ij(1, 1) = D(pi, pj), 
ost of mat
hing between pi and pj,
∗ Eα

ij(1, 0) = +∞, otherwise this would violate the visibility 
onstraint for (pi, pj),
∗ Eα

ij(0, 1) = 0, pi will o

lude pj,
∗ Eα

ij(0, 0) = 0.Noti
e again that the last two 
ases do not violate the visibility 
onstraint. In termsof edges: eSvi
= D(pi, pj), evjvi

= ∞. These 
ases are illustrated in �gure 11.
pj

Ci
Cj

pi

α

λ(pj) > α

λ(pi) < α

pj

Ci
Cj

pi

α

λ(pj) > α

λ(pi) < α

pj

Ci
Cj

pi

α

λ(pj) > α

λ(pi) < α

pj

Ci
Cj

pi

α

λ(pj) > α

λ(pi) < α

Eα
ij(1, 1) = D(pi, pj) Eα

ij(1, 0) = +∞ Eα
ij(0, 1) = 0 Eα

ij(0, 0) = 0Figure 11: Value of the energy Eα
ij for λi < α < λj .

• λj < α < λi

∗ Eα
ij(1, 1) = D(pi, pj), 
ost of mat
hing between pi and pj,

∗ Eα
ij(1, 0) = γ, pj will o

lude pi in the image Ij ,

∗ Eα
ij(0, 1) = +∞, otherwise we would violate the visibility 
onstraint for (pj, pi)sin
e we have Hji

α pj = pi and λ̃j = α < λ̃i = λi,
∗ Eα

ij(0, 0) = 0.Observe that the last 
ase does not violate the visibility 
onstraint. In terms of edges:
eSvi

= D(pi, pj), evjvi
= γ − D(pi, pj), evivj

= +∞. These 
ases are illustrated in�gure 12.
pj

Ci Cj

pi

α

λ(pj) < α

λ(pi) > α

pj

Ci Cj

pi

α

λ(pj) < α

λ(pi) > α

pj

Ci Cj

pi

α

λ(pj) < α

λ(pi) > α

pj

Ci Cj

pi

α

λ(pj) < α

λ(pi) > α

Eα
ij(1, 1) = D(pi, pj) Eα

ij(1, 0) = γ Eα
ij(0, 1) = +∞ Eα

ij(0, 0) = 0Figure 12: Value of the energy Eα
ij for λj < α < λi.
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• λi > α and λj > α. Then
∗ Eα

ij(1, 1) = D(pi, pj), 
ost of mat
hing between pi and pj,
∗ Eα

ij(1, 0) = +∞, otherwise we would violate the visibility 
onstraint for (pi, pj),
∗ Eα

ij(0, 1) = +∞, otherwise we would violate the visibility 
onstraint for (pj , pi),
∗ Eα

ij(0, 0) = 0.Observe that the last 
ase does not violate the visibility 
onstraint. In terms of edges:
eSvi

= D(pi, pj), evivj
= evjvo = ∞. These 
ases are illustrated in �gure 13.

pj

Ci
Cj

pi

α

λ(pj) > α

λ(pi) > α

pj

Ci
Cj

pi

α

λ(pj) > α

λ(pi) > α

pj

Ci
Cj

pi

α

λ(pj) > α

λ(pi) > α

pj

Ci
Cj

pi

α

λ(pj) > α

λ(pi) > α

Eα
ij(1, 1) = D(pi, pj) Eα

ij(1, 0) = +∞ Eα
ij(0, 1) = +∞ Eα

ij(0, 0) = 0Figure 13: Value of the energy Eα
ij for λi > α and λj > α.From the two 
ases λi = λj < α and λi 6= α, λi < α, λj < α, it appears that the energy Eα

ijveri�es the regularity 
ondition (13) as soon as D(pi, pj) ≤ γ.B Energy E0On
e again, vi denotes the vertex of pixel pi and vj the one of pixel pj. The weight of a dire
tededge that goes from vertex a to vertex b is denoted by eab. In pra
ti
e, we have a ∈ {V, S} and
b ∈ {V, T}. We also re
all that the energy E0

ij(x(p), x(q)) involves x(p) (resp. x(q)), the binarylabel of p ∈ Ωi (resp. q ∈ Ωj). In an α-expansion algorithm, if x(p) = 1, then p will take thedepth label α. If x(p) = 0, p will keep its 
urrent depth label.We now des
ribe the di�erent possible geometri
 
on�gurations for the pair of points pi ∈ Ωi,
pj ∈ Ωj whi
h have the 
urrent labels λi = λ(pi) 6= α and λj = λ(pj) and su
h that (pi, pj) ∈ A0.We should underline that all the 
on�gurations λi < λj are impossible as λ satis�es the visibility
onstraints and Hij

λi
pi = pj.From �gure 14, we see that the 
ases λi < λj are impossible.

pj

Ci
Cj

pi

λ(pj) > λ(pi)

λ(pi)

Figure 14: The 
on�guration is impossible when λi < λj22



We then have to 
onsider:- λi = λj 6= α. This 
on�guration means that pi and pj 
orrespond with the 
urrent label.We have to distinguish two 
ases:
• λi > α. Then

∗ E0
ij(1, 1) = 0,

∗ E0
ij(1, 0) = 0, visibility is not violated, pj ∈ Mji and the 
ost γ will be payedwhen 
onsidering the pair (j, i),

∗ E0
ij(0, 1) = γ, pj will o

lude pi in the image Ii, i.e. pi ∈ Mij ,

∗ E0
ij(0, 0) = D(pi, pj), 
ost of keeping the mat
hing between pi and pj.In terms of edges: eviT = D(pi, pj), evivj

= γ − D(pj, pj). These 
ases are illustratedin �gure 15.
pj

Ci
Cj

pi

λ(pi) = λ(pj)

λ(pi) > α

pj

Ci
Cj

pi

λ(pi) = λ(pj)

λ(pi) > α

pj

Ci
Cj

pi

λ(pi) = λ(pj)

λ(pi) > α

pj

Ci
Cj

pi

λ(pi) = λ(pj)

λ(pi) > α

E0
ij(1, 1) = 0 E0

ij(1, 0) = 0 E0
ij(0, 1) = γ E0

ij(0, 0) = D(pi, pj)Figure 15: Value of the energy E0
ij for λi = λj > α.

• λi < α. Then
∗ E0

ij(1, 1) = 0,
∗ E0

ij(1, 0) = +∞, otherwise we would violate the visibility 
onstraint for (pj , pi),
∗ E0

ij(0, 1) = +∞, otherwise we would violate the visibility 
onstraint for (pi, pj),
∗ E0

ij(0, 0) = D(pi, pj), 
ost of keeping the mat
hing between pi and pj.In terms of edges: eviT = D(pi, pj), evivj
= evjvi

= ∞. These 
ases are illustrated in�gure 16.
pj

Ci
Cj

pi

λ(pi) = λ(pj)

λ(pi) < α

pj

Ci
Cj

pi

λ(pi) = λ(pj)

λ(pi) < α

pj

Ci
Cj

pi

λ(pi) = λ(pj)

λ(pi) < α

pj

Ci
Cj

pi

λ(pi) = λ(pj)

λ(pi) < α

E0
ij(1, 1) = 0 E0

ij(1, 0) = +∞ E0
ij(0, 1) = +∞ E0

ij(0, 0) = D(pi, pj)Figure 16: Value of the energy E0
ij for λi = λj < α.23



- λi 6= λj = α. We have to distinguish two 
ases:
• λi < α This 
ase is impossible, as it would mean that λi < λj .
• λi > α It means that pj was o

luding pi in the image Ii. Then

∗ E0
ij(1, 1) = 0,

∗ E0
ij(1, 0) = 0,

∗ E0
ij(0, 1) = γ, sin
e still pj o

ludes pi in the image Ii, i.e. pi ∈ Mij ,

∗ E0
ij(0, 0) = γ, sin
e still pj o

ludes pi in the image Ii, i.e. pi ∈ Mij .In terms of edges: eviT = γ. These 
ases are illustrated in �gure 17.

pj

Ci
Cj

pi

λ(pj) = α

λ(pi) > α

pj

Ci
Cj

pi

λ(pj) = α

λ(pi) > α

E0
ij(1, 1) = E0

ij(1, 0) = 0 E0
ij(0, 1) = E0

ij(0, 0) = γFigure 17: Value of the energy E0
ij for λi > λj = α.- λi 6= λj, λi 6= α. We have to distinguish three 
ases (as the 
ases λi < λj are impossible):

• λj < λi < α. It means that pj was o

luding pi in the image Ii. Then
∗ E0

ij(1, 1) = 0,
∗ E0

ij(1, 0) = 0,
∗ E0

ij(0, 1) = ∞, otherwise we would violate the visibility 
onstraint for (pi, pj),
∗ E0

ij(0, 0) = γ, sin
e pj still o

ludes pi in the image Ii, i.e., pi ∈ Mij .In terms of edges: eviT = γ, evivj
= ∞. These 
ases are illustrated in �gure 18.

pj

Ci Cj

pi

λ(pi) < α

α

λ(pj) < λ(pi)

pj

Ci Cj

pi

λ(pi) < α

α

λ(pj) < λ(pi)

pj

Ci Cj

pi

λ(pi) < α

α

λ(pj) < λ(pi)

pj

Ci Cj

pi

λ(pi) < α

α

λ(pj) < λ(pi)

E0
ij(1, 1) = 0 E0

ij(1, 0) = 0 E0
ij(0, 1) = +∞ E0

ij(0, 0) = γFigure 18: Value of the energy E0
ij for λj < λi < α.
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• λj < α < λi. Then
∗ E0

ij(1, 1) = 0,
∗ E0

ij(1, 0) = 0,
∗ E0

ij(0, 1) = γ, sin
e pj still o

ludes pi in the image Ii, i.e., pi ∈ Mij ,
∗ E0

ij(0, 0) = γ, sin
e pj still o

ludes pi in the image Ii, i.e., pi ∈ Mij ,In terms of edges: eviT = γ. These 
ases are illustrated in �gure 19.
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λ(pj) < α

α

λ(pi) > α
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pi

λ(pj) < α

α

λ(pi) > α

pj
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Cj

pi

λ(pj) < α

α

λ(pi) > α

pj

Ci
Cj

pi

λ(pj) < α

α

λ(pi) > α

E0
ij(1, 1) = 0 E0

ij(1, 0) = 0 E0
ij(0, 1) = γ E0

ij(0, 0) = γFigure 19: Value of the energy E0
ij for λj < α < λi.

• α < λj < λi. Then
∗ E0

ij(1, 1) = 0,
∗ E0

ij(1, 0) = 0,
∗ E0

ij(0, 1) = γ, sin
e pj still o

ludes pi in the image Ii, i.e., pi ∈ Mij ,
∗ E0

ij(0, 0) = γ, sin
e pj still o

ludes pi in the image Ii, i.e., pi ∈ Mij .In terms of edges: eviT = γ. These 
ases are illustrated in �gure 20.
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ij(1, 0) = 0 E0
ij(0, 1) = γ E0

ij(0, 0) = γFigure 20: Value of the energy E0
ij for α < λj < λi.From 
ase λi = λj > α, it appears that the energy E0

ij veri�es the regularity 
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