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Abstract

We describe here a method to compute the depth of a scene from a set of at least two
images taken at known view-points. Our approach is based on an energy formulation of the
3D reconstruction problem which we minimize using a graph-cut approach that computes a
local minimum whose energy is comparable (modulo a multiple constant) with the energy of
the absolute minimum. As usually done, we treat the input images symmetrically, match pix-
els using photoconsistency, treat occlusion and visibility problems and we consider a spatial
regularization term which preserves discontinuities. The details of the graph construction
as well as the proof of the correctness of the method are given. Moreover we introduce a
multi-label refinement algorithm in order to increase the number of depth labels without
significantly increasing the computational complexity. Finally we compared our algorithm
with the results available in the Middlebury database.

1 Introduction

Depth estimation is a highly studied problem in computer vision. Applications such as stereo-
movies, 3D reconstruction or novel view synthesis are indeed all based on the same basic ingredi-
ent: finding the depth of a scene seen from several cameras. All the methods giving good results
on this problem and developed within the past 10 years can not be described here, as it would
require half a book [11, 16, 26, 27, 28, 30, 29, 31]. Let us only underline that the approaches
giving the more accurate results are often based on graph cuts [17, 18, 20| and belief propagation
[16, 27, 30] minimizations, according to Middlebury database. In this work, we are interested in
the seminal works on graph cut algorithm by Boykov, Kolmogorov etf. al. in a series of papers
[4, 5,17, 18, 20]. More precisely, in the application of graph cuts to the depth estimation problem
as presented in the last three papers.

Our approach can be considered as a combination of the ideas of [17, 18, 20] with a slightly
different energy presentation. We believe that the description of the energy models relative to
stereo problems that can be found in the graph cuts literature [17, 18, 20| presents some lacks
of details that makes its implementation harder. Introducing an energy function that models
the problem of depth estimation from a set of images in the more general way, we explain how
the graph representability of the involved energies determines the occlusion management, and
finally we recover the energy of [18] as a specific case. In this paper we give a presentation of the
problem which is well suited to fill-in all details of the graph construction. They will be given in
the Appendix.
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The proposed energy is based on a multi-label formulation of plane sweeping. It contains four
terms: a photo-consistency matching cost for couples of corresponding pixels in pairs of images, a
penalty on the occluded regions, a visibility constraint term and a regularization term. As usually
in graph cut approaches, we use a regularization term based on the Potts model combined with a
contours mask. When considering the actual best techniques dedicated to disparity estimation,
it appears that most of them are strongly dependent on a previous segmentation of the images
[27, 28, 31]. We believe that segmentations may be difficult to control in real images and they do
not always provide the results that one would like. For this reason we choose a contours mask,
which is easier to control, specially if contours are computed as significant edges in the sense of
[8] (the ones we used, although a good implementation of the Canny edge detector could also be
used). This information can be easily added to the regularization term of the energy.

We finally consider the problem of increasing the depth resolution by means of a multi-
label refinement approach. The use of hierarchical schemes or warping techniques to obtain
accurate estimations is a common technique in the variational (and partial differential equation)
approaches to optical flow computation or stereo [1, 2, 6, 10, 15, 21] (see also [25] and references
therein), where perturbations around the current solution permit to obtain faster and more
accurate solutions, but it has not been adapted to the graph cuts context. We propose an
adaptation here for our energy model.

Let us describe the plan of the paper. In Section 2 we recall some basic facts about image
homographies induced by planes in the 3D scene. In Section 3 we present the energy used to
model the depth estimation problem. We then describe in Section 4 the minimization of the
proposed energy with a graph cut algorithm and we discuss in Section 5 the extension of the
method to a multi-label refinement of the depth estimation. In Section 6, we finally show results
obtained on stereo benchmark data sets, that present significant improvements with respect to the
original paper of [18]. The final Appendix contains the details that permit an easy construction
of the associated graph for each « expansion step of the minimization algorithm.

2 Preliminaries

To fix our notation, we assume that we have N > 2 cameras, one of them taken as the reference
one. Thus, we consider N images I; : Q; — IR™, where Q; C IR? denotes the domain of I;,
i=1---N,and m = 1 in case of gray level images or m = 3 for color images. We denote by
T=1{(i,§) € {1,--- ,N}2, i # j}, the set of oriented pairs of images.

Our energy functional is based on the formulation of plane sweeping [7]. A plane of the 3D
scene induces an homography between each pair of images, and the projections of image points
which lie on the plane are matched by this homography. Thus, we may sweep the scene with
a family of parallel ordered planes I, each one indexed by a parameter A > 0 indicating its
depth, and only the points of the scene lying on II) will be matched in two images I; and I},
i # 7, by the corresponding induced homography ’Hij (see [12], page 326 for more details). The
homography ’Hij can be written as 'Hij = (Hi)*ng where H'}\ is the homography between the k
image plane and Ily, k = 1,--- , N. Obviously, this is the case only if the point is visible in both
cameras. It is important in practice that the sweeping planes are not too slanted with respect
to the cameras. Notice also that the model only considers a point approximation to the object
in the scene without taking into account its orientation (of its tangent plane) with respect to
the camera. A better approximation could be obtained by comparing patches around each pixel.
Nevertheless, if the object’s orientation with respect to each camera is very different we could



have difficulties in comparing the information of both patches, if we do not take into account the
object’s relative deformation.

As usual, the matching is measured by a photo-consistency term and a constant penalty is
included for occlusions. These two terms are complemented by the regularization term which
penalizes neighboring pixels with similar intensity level or color and having different depth labels.
The coherence between the estimations obtained from different cameras is finally enforced with
a visibility constraint. The N images are treated in a symmetric way.

Before giving the precise description of our energy, let us recall the parameterization of the
homographies induced by a family of sweeping planes.

2.1 The image homographies induced by a plane in the scene

We assume that the camera model is the finite projective camera model. Let (X,Y, Z)T €
IR? be the coordinates in the world coordinate system R, which are mapped by the camera
to the coordinates (yﬁ,gj,é)T € IR? in the camera coordinate system R.. If C denotes the
vector of coordinates of the camera center in R, and R = (r4;) denotes the 3 x 3 rotation
matrix representing the orientation of the camera coordinate frame, then, using homogeneous
coordinates, we have

wazy = [ vz, (1)
where the classical notation £ = —RC = (tl,tg,tg)T represents the relative translation of both

reference systems written in R, and 0 = (0,0,0)". If K denotes the 3x 3 calibration matrix con-
taining the intrinsic parameters of the camera and (x,%,1)" the homogeneous image coordinates,
then

(z,y9,1)" = K[R,#(X,Y,Z,1)".
The 3 x 4 matrix P = K[R,ﬂ is the projection matrix.

Let us recall the equations of the homography between the image plane and a plane sweeping
the scene. Let II, be a 3D plane given in R, by the equation

0,0,1, =)][Z,7,2,1]" =0. (2)
Using (1) the equation of ITy in R, is
R t
[anal,_)‘] |:(‘)’T £| [X,KZ, 1]T = [T13,T23,T‘33,t3 _AHX’Y, Z’ 1]T' (3)

Given the N images I; : ; — IR, i = 1,--- N, obtained by N cameras whose calibration
matrices are K* and whose projection matrices are P* = K'[R',#'], we first choose a camera
k € {1,--- N} as the reference camera of the planes in IR3. In our applications we take the
middle image as reference k = | N/2], where |.| denotes the integer part. We have the plane IIy
defined by its coefficients [rf;, 75, 755, t5 — A]. One can then define the projections ¢ induced
by the plane Il that maps a pixel p; € §; to the scene point Hg\pi lying to the 3D plane
II,. Next, we can compute the homography Hi\j = H&(H&)*l induced by the plane II. This
homography maps a pixel p; € ; to a pixel p; = HYp; € Q; with respect to the 3D plane II,.
Such homographies are in practice used to find the correspondences between images 7 and j with
respect to the 3D plane IIy. Using [12], page 326, we can also write the homography HY as

HY = KI[R—1n" /(th — N)(K')™,
where R = RI(R)™!, i = —R'{' + #, and n = [rky, vk, rk,]T.



3 The energy formulation

As explained in Section 2 our energy functional is based on a variational formulation of plane
sweeping. It contains four terms: a photoconsistency matching cost for couples of corresponding
pixels in pairs of images, a penalty on the occlusion regions, a visibility constraint term and a
regularization term which penalizes the neighboring pixels with similar intensity level or color to
have different depth labels. Moreover, the images are treated in a symmetric way. For each pair
of images (i,j) € Z, let M;; C €; be the set of pixels in ; which are occluded in image j. We
want to find the depth A(p) associated to each p € Q;, i = 1,--- , N, and the sets of occluded
pixels M;;. Note that these sets of occluded pixels can be estimated from the knowledge of
the depth. As the problem will be solved in a discrete framework via a graph cut approach,
we assume that the depth A(p) takes its values in a predefined discrete set of possible depths
contained in the range [Apmin, Amaz]-

Let us define the four energy contributions. The matching cost is

match Z Z D p’ )\(p (A(p) - A(H;f(p)p)) (4)

(i,§)€Z peQY;

where T'(+) is 1 if its argument is true and 0 otherwise. This energy considers the scene points
Hg‘(p)p, with p € €; , that are visible in both images I; and I;. The matching cost D(p,q) :
Q; x Q; — IR measures the difference between the colors I;(p) and I;(g) of the pixels p € I; and
q € I;. We will detail this function latter on as its minimization by graph cuts involves some
restricted class of matching functions.

The cost of occluded regions is

EocelN) =7 D 3" T(AD) > A(HE,0). (5)

(i,§)€Z pEY;

where v > 0 is the occlusion parameter. Indeed, if A(p) > A(q), where ¢ = Hij( \Ps then the

scene point H AP is occluded by the scene point HJA( )d in the image I;. The cost v penalizes
the occlusions.

We say that a labeling depth function A : Uij\i 18% = [Mmins Amaa| satisfies the visibility con-
straints if

Vg € Qj, j=1---N, for which 3p € Q; with i # j such that ¢ = H¥ _,p, then A(q) < A(p). (6)

(p)

We will refer to the (p,q) visibility constraint when the relation (6) holds. This constraint
means that a pixel p of an image i can be occluded by a pixel ¢ in image j, if and only if the
depth of ¢ is smaller than the depth of p. We denote by A the set of admissible depth labelings
that verify relation (6).

As previously explained, in case that A(¢) < A(p), then the 3D point Hi AP of the scene is
visible in image I; but not in image I;. Thus p € M;;. If X(¢) = A(p), then the 3D point HA( ¥4
is visible in both images. Hence, the energy that permits to impose the visibility constraint is

VlS =U Z Z Z]( )p))7 (7)

(1,5)€Z PESY;

where U — oo is a large scalar that prevents the solution to violate the visibility constraint.



To define the regularization energy, let us consider a decreasing function F' : [0, 00) x [1,00) —
[0,00), described in the next paragraph, that penalizes the discontinuities of the depth labeling
A in the homogeneous regions of the image. The neighborhood N;w p; € £, is defined as

Ny, =1a € Qi,qa # pi,|q — pil <€}, €> 0. (8)

In practice we have taken N, = Np\i/i, that corresponds to a 8-neighborhood system. The
regularization energy is

Ereg(A Z Z Z (1L (pi) — Li(qi)l, lpi — @il)IA(pi) — M@l (9)

EQZ qi ENpl

where o > 0 is the regularization parameter. Finally, we want to minimize the energy £ defined

as:

)\gﬂ{}is g()‘) = match(A) + EOCC(A) + gvis(A) + greg(A)- (10)

Remark 1 In practice, when induced by an arbitrary plane in IR3, the homography transfor-
mation H}' does not necessarily map integer to integer coordinate values. As the graph cut
approaches are discrete, , given a pixel p € €); we have to take the integer coordinates of the
correspondlng pixel LHA pi|. As a consequence, one has to choose the value of H&Z such that

= LH] ZLHA p;i]|. Nevertheless, notice that this problem disappears when computing integer
dlspar1t1es between pairs of rectified images, as pixel to pixel correspondences are involved in
this case.

Regularization function

The regularization function F'(|1;(p;) — Li(q:)|, |pi — ai])|A(pi) — X(gi)| is composed of two parts.
The first one, F'(|I;(p;) — I;(q:)|, |pi — qi|), weights the discontinuities of the labeling taking into
account the image gradient. This function is big when its first argument |I;(p;) — I;(¢;)| is small.
The second argument |p; — ¢;| enables weighting the influence of pixel g;, the neighbor of pixel p;,
with respect to their Euclidean distance. The larger |p; — ¢;|, the smaller F'. In our experiments,
following [17, 18, 20], we have taken

B 1/7“2 ifry >o
F(ry,m) = { k/ry  otherwise "

with £ > 0 and o > 0. Notice that the function F' is always positive since it is better in practice
to include a minimum penalty for the label discontinuities. Hence, the parameter x permits to
specify the range of values of the function F'. With respect to [20], we have empirically set k = 3
and o = 5. Let us point out that we have also tested a continuous version of the regularization
function such as (1 + kexp(—7r?/0?))/r2, but curiously it leads to worst results in practice.

Let us mention that this regularization term is not new and is commonly used [3, 5, 10] (see
also [25] and references therein).

The second term, |A(p;) — A(g;)|, is a total variation type term. It can be replaced by
min(JA(p;) — A(g)|,b) (in practice we set b = 2). Note that in the case b = 1 we recover the
Potts model, T'(A(p;) # A(¢;)), which does not weight the amplitude of the depth discontinuities.



Figure 1: Extraction of the significant level lines of the image: An input image (a) is shifted to
grey value (b). Applying [8], the significant level lines of the grey level image are extracted to give a map
of contours (c).

Moreover, we use the information given by the significant edges of the image in the sense of
[8]. This is done by extracting the so-called significant (in terms of length and contrast) level
lines of the images [;, as illustrated in figure 1.

We then dispose of a set of masks of contours C; : Q; — {0;1}, with C;(p;) = 1 if p; belongs
to the detected contours in image I;. We then use this additional information by considering
F(|Li(pi) — Ii(q)|, |pi — qi|7(pi)). The scalar 7(p;) is set to 1, excepting for pixels belonging to
a contour (i.e. C;j(p;) # Ci(gi)). In this case, we have 7(p;) = 7 > 1, with 7 = 1.3 in practice.
This process allows to de-penalize the depth discontinuities on the detected contours C;. It thus
improves the estimation at the boundaries of image discontinuities.

4 Minimization of the energy using a graph cut algorithm

We now propose to solve the minimization problem (10) using a graph cut method with an
a-expansion algorithm [5]. Let G = (V,&y) be a directed graph. The set of vertices V = {v;}
corresponds to the set of pixels p; € P, where P = U();, with two additional distinguished
terminal vertices {S,T'} called the source and the sink. The set of edges linking the vertices is
denoted by &;.

Acut C= {VS, VT} is a partition of the set of vertices such that S € VS, T € VT. The cost
of the cut is the sum of the weights of the edges between a vertex in V¥ and a vertex in V'. A
minimum cut is a cut with a minimum cost. The minimum cut can be found by computing the
maximal flow using the Ford and Fulkerson algorithm [9]. Any cut can be described by a set of
binary variables {x;}i=1, . n, one for each vertex in V = {v;}i=1,._n, so that z; = 0 when v; € VS
and z; = 1 when v; € V'. Thus, if the graph represents an energy, this energy can be viewed as
a function of the n binary variables {x;}.

To minimize the energy (10) we need to create a graph adapted to the energy £(A) such
that the minimum cut corresponds to its minimum. Since the depth A(p) takes a discrete set of
values, the global minimum of (10) could be computed with a minimum cost multiway cut, but
this problem is known to be NP-hard [5]. If we fix the occlusion regions, the energy has the form

EF)=D_Clo, fo)+ > Voalf(p), f(@) (12)

peP (p.9)eN

where P is the set of pixels, ' C P x P is any neighborhood system on pixels, f(p) is the label
associated to p, C(p, f(p)) is the cost of assigning the label f(p) to pixel p (a function derived
from the data), and V}, ,(f(p), f(q)) is the cost of assigning the labels f(p), f(¢) to the adjacent



pixels p, ¢ and is used as a regularization term. While the global minimum of the energy can be
computed in the case of binary variables, the situation is more complex for a general discrete
set of labels. It can be efficiently computed if the labels are consecutive integers and V), , is the
L' metric [13, 14, 22]. It can also be computed if V},, is a convex functional, by considering
the binary set under the graph of f [13]. The computation of the global minimum in the case
of a discontinuity preserving regularization is more complex. In the case of the Potts model
Voa(f(p), f(q)) = T(f(p) # f(q)) where T'(-) is 1 only if its argument is true, the computation
of the global minimum is NP-hard [5]. For that reason, several particular strategies have been
designed in order to compute local minima which are within a known multiplicative factor of
the global minimum energy. Between them, we mention the a-expansion algorithm [5]. Let us
describe it.

Assume that the set of labels is a finite set £. Given a labeling P — £ and a particular
label o € £, we say that the labeling f is within an a-expansion of f if f(p) = f(p) each time
f(p) # a. If V,,, is a metric for each pair (p,q), then the problem of finding the minimum
of the energy in the class of all a-expansions of f can be formulated as the minimization of an
energy functional depending on a finite set of binary variables. Then the algorithm realizes cycles
through the set of labels a € £ finding each time the lowest energy a-expansion move from the
current labeling. It adopts f as the new current labeling if f has a lower energy than the current
one. The algorithm ends when there is no more a-expansion move with lower energy, for any

label a.

To minimize the energy (10) we construct a graph whose vertices correspond to the pixels of
the IV images. The labeling is identified with the depth function A that takes a finite number of
values £ C [AMnin, Amaz]. If A is the current labeling and o € £, we associate a binary value x
to each vertex p so that z(p) = 1 if p adopts label a and x(p) = 0 if it keeps the old label A(p).

We then write the energy of a labeling A(p) within an a-expansion of A as an energy function
depending on a finite set of binary variables.

Following [19], a function E of n binary variables z; is in the class F? if it can be represented

E(zy,...,2p) = Z E*(xp,) + Z E*Y (2, ).
k

k<l

as

We say that E*!is regular if
E"Y0,0) + EFN(1,1) < EMY(0,1) + EM(1,0). (13)

If E*! are non-regular, the minimization of F is NP-hard [19]. In practice, the edges of the graph
corresponding to the energies are built from the values of E¥(0), E¥(1), E¥'(0,0), E¥!(0,1),
E*(1,0) and E®!(1,1), as explained in [19].

4.1 Reformulation of the energy

Let us fix a current labeling A which satisfies the visibility constraints and o € £. We are going
to describe in detail the a-expansion moves in order to minimize (10) and write the energy as a
function in the class F? with regular energies £%/. The data matching cost, the occlusion cost
and the visibility constraint are jointly modeled by two binary energies that are regular. In order
to introduce them, let us define the set A% as

A® = {(pi,p;), with p; € Q;, p; € Q;, (i,j) € Z, such that p; = Hfjpz}



and the set A° as

A0 = {(ps,pj), with p; € Q;, p; € Qy, (i,4) € Z, such that p; = H;f(pi)pi and A(p;) # a}.

Recalling that the functions in A,;s verify the relation (6), we define the admissible class
AN = X € Ayis,such that A(p) € {A(p),a} Vp € UN,Q;}

We are going to introduce two regular energies E7; and E?j associated to the sets A% and A°
so that for any A € AM® the energy £(A) defined in (10) can be written as

5(}‘) = g(A) + greg(x), (14)

where

= > > ESA®)A)+ D Y EGA®)AWp)).  (15)

(l, GI (p“pJ)EAO‘ (27])61— (pl,pj)EAO

Now, observe that we may write Eio‘j(j\(pi),S\(pj)), E?j(j\(pi),j\(pj)) as energies depending on
binary variables if we associate the label 2:(p) = 1 when X(p) = o and z(p) = 0 when A(p) = A(p).
From now on we shall use this convention. Observe also that if pl € §);, then there may be only
two pixels associated to p; in €);, namely p; := H;](pi)pi and p Ha pi- Therefore we may write

Z Z ), z(p))) T ((pi p) € A%) + By (x(pi), x(p;)) T ((pi,p;) € A%)],

(i,5)€Z pi €S

16)
The energies E7; and E?j jointly model the matching and occlusion costs and the visibility

constraints. When restricted to the class AM® the problem (10) is equivalent to

min (A + Ere A).
P (A) 5(A) (17)

The construction of the edges corresponding to the regularization term of the energy (10) is
classical [19] and we will not detail it here.
4.2 Description of Ef;
Let us first describe Ef}, (i,7) € Z, the energy associated to A% For all (p;,p;) € A%, ie
= HY pi, this energy models:
(i) the matching cost D(p;,p;) between p; and pj,

(ii) the occlusion cost v of a pixel p; by pj,

(iii) the visibility constraint between p; and p;. That is, X(p;) < A(pi).

For the sake of clarity, we describe in Appendix A the different possible geometric configura-
tions of the pair of points p; € Q;, p; € Q; such that (p;,p;) € A°.



4.3 Description of £,

Let us now detail E?j, (i,j) € I, the energy associated to A°. For all (p;,p;) € A%, ie. p; =

Hg{(pi)pi, this energy models:

(i) the matching costs, relative to the labels different from «, between p; and p;,
(ii) the occlusion cost v of a pixel p; by pj,
(iii) the visibility constraint between p; and p;. That is, :\(pj) < Xpj).

For the sake of clarity, we describe in Appendix B the different possible geometric configura-
tions of the pair of points p; € Q;, p; € Q; such that (p;,p;) € A°.

4.4 Definition of the matching cost function

From the previous cases described in appendices A and B, it appears that the functions E?;
and Eg ; are regular depending on the choice of the matching function D. In particular, these
energies are regular in the sense of relation (13) as soon as D(p;,pj) < v, for all p; € €, p; € Q,
(i,7) € Z. This condition means that the matching cost can not exceed the occlusion cost. This
strong constraint is however necessary to minimize correctly the energy with graph cut.

We then define the matching cost function as:

m
: ! 1
D(pi,p;) = min(Y_ [T} (ps) — IL(pj)], 7).
=1
where I! is the [-color channel of image I; : €; — IR™. In [18], the occlusion parameter is
automatically chosen as
v= sup D(pi,pj)-
2,1,Pi5Pj
Such a model considers a too high occlusion cost, and we prefer to set v as a parameter to be
chosen.

Remark 2 As the homography transformation does not necessarily map integer to integer co-
ordinate values, for each pixel p € €;, a bilinear approximation is used to compute [ ]l (HYp).

Remark 3 The construction of the graph can be equivalently simplified by first modifying the
matching cost between p; € Q; and p; € €} as

D(pi,pj) := D(pi,pj) — (18)

with v > 0, and then resetting the occlusion cost v to zero. In this case, we exactly recover the
matching cost function of [18]. In practice, this trick enables to pay a null cost for all occlusions
cases. This modification reduces the complexity of the graph construction, as a lot of edges have
now a null weight. In this paper, contrary to [18|, we choose to present the energies with positive
matching and occlusion costs, in order to give an intuitive meaning to the different variables and
parameters involved.



4.5 Properties of the constructed energies

Proposition 1 If X satisfies the visibility constraints, so does any X e AN o e L, such that

E(A) < 0. In particular, the minimum of (17) satisfies them.

From the definition of the energies E7, E?j,

;\(p,) Thus the above statement follows.

it is clear that if Hg{(p,)pi = pj, then 5‘(Pj) <

Proposition 2 The formula (15) holds. Indeed, for each (pi,pj,p}) where p; = Hgf(pi)pi, Py =
H p;, we have that E(x(pi), z(p})) + E?j(w(pi),a:(pj)) is

= D(ps,p;) if there is a matching between p; and pj,

= D(pi,p}) if there is a matching between p; and p;,

= v if the configuration represents an occlusion of p; by p; or by p}, , i.e. p; € M,

= 400, if there is a violation of visibility either of (pi,p;), (pj,pi), (Pi,P}), or (P}, pi)-

The proof of this Proposition consists in checking for each configuration of (p;, p;) all possible
configurations of (p;, p;) consistent with it. Since this checking is immediate but tedious we omit
the details (they can be easily checked using the full description of the energies E?: and E?j given
in the appendix. Just notice that the only possibilities are the ones described above: given «, p;
can either match with p; or with p, it can be occluded by p; or pj;, or there may be a violation
of the visibility constraint in the configuration we examine. The occlusion of p; or p;- by p; will

pay v when we compute the configuration associated to the cameras (j,1).

The a-expansion algorithm

The a-expansion is summarized in Algorithm 1.

Algorithm 1 Depth estimation

- Initialize with a configuration respecting the visibility constraint: X(p) = Apaz, V0 € I;,
i=1,---,N.

- Repeat until convergence, for & = Apaz, > Amin,

1 Construct the edges relative to the terms Ef]‘ and E?j, i,7=1,---  N.
2 Construct the reqularization edges.
3 Clut the graph.

4 Labeling: if, after the cut, a vertex v is associated to the sink, then X(p) = a.

5 A multi-label refinement algorithm for depth estimation

Using a very large set of possible labels improves the accuracy of the estimation. Nevertheless,
the computational cost of the process increases with the considered number of labels. Another
important point is the memory storage, as pre-computing all the possible matching costs D(p, q)
may lead to huge memory allocations in case of large sets of labels. One solution to get around

10



this problem could be to recompute the necessary matching costs for each a-expansion, but it
would drastically increase the computational time. Another approach consists in considering
hierarchical algorithms.

Hierarchical schemes based on a multi-resolution image representation or warping methods are
commonly used in the context of variational methods or partial differential equation approaches
to optical flow computation or stereo [1, 2, 6, 10, 15, 21] (see also [25] and references therein)
where perturbations around the current solution permit to obtain faster and more accurate
solutions. For graph cut optimization, such kind of approach would nevertheless induce the
propagation of errors at the boundaries of objects. In order to treat this problem, a complex
specific process dealing with the visibility constraint at the depth discontinuities should then be
applied at each level of the image pyramid. For this reason, we choose to define a multi-label
refinement scheme of the depth in order to improve the quality of the estimation while keeping
an attractive computational time.

5.1 Labeling refinement

After applying the algorithm of the previous section, we obtain a first depth estimation A(p) €
L = [Mmin; Amaz] for all p € Q;, i =1,--- | N. As the set of labels £ is in practice discrete, finite
and ordered, we can denote by L the number of its elements and rewrite it as:

L= {)\l}le{o,--- ,L—1}s

with Ag = Amin and Ap_1 = A\jae. In order to make this discrete estimation more accurate, we
propose a multi-label refinement process in order to consider a larger number of possible depths.
We then refine the set £ by a factor M and we consider the following set of labels:

£ == )\ 1 M-1 M-—1 .
M {l}le{O,M,...7,1,---L72+—,L71}

Next, the multi-label depth refinement is only done on the neighborhood of the values of
the first depth estimation A. More precisely, in order to reduce the computational cost of this
process, we want to take advantage of the first estimation to restrict the number of possible
labels for each pixel. Considering a pixel p whose current depth estimation is A(p) = Ap € L,
the new admissible set of labels for this pixel is:

ﬁ(p) = [)\lpfl, )\lp+1] NLy.

5.2 Multi-label energies
A slightly modified a-expansion algorithm is applied for all o € L.

5.2.1 Domain of the multi-label a-expansion

We first define Q C Q;, ¢ =1,--- , N, as the sets of pixels that can take the label a:
QF = {p € Q; such that a € L(p)}. (19)

In the new graph, we include one vertex for each pixel p € Q. That is, we only consider the
pixels that can take the label a. This reduces significantly the size of the current graph. For all
the vertices corresponding to p € 0, ¢ = 1,..., N, the graph is then built as explained in the
previous section.
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5.2.2 Boundary of the multi-label a-expansion

As the regularization term (11) measures the discrepancy between the label of two neighbor
pixels, we have to include this information on the boundary of the regions 2. In order to keep
the continuity of the current estimation X, we define the boundary set B{* of Q) as

Bf¥ = {p € 2;\Q such that 3¢ € N, N Qf, N, being the neighborhood of p}. (20)

Hence, for each image 7, one vertex is added for each pixel p € B{*. For the vertices corresponding
to pixels p € QF, i = 1,..., N, the graph is built as explained in the previous section. For the
pixels p belonging to the boundary set By, we need a new energy term Epound. For any labeling

A within an a-expansion of the current labeling A, this energy is defined as

EpoundN) =T Y T(A(p) = ), (21)
pEBY
with U > 0 being a large constant. Hence, for each image 4, one vertex is added for each pixel

p € B{*. As before, this energy can be written with respect to the binary variable z(X(p)) with
a graph representable energy FEiyound:

gbound(j\) = Z Ebound(x(j‘(p)))'

pEB

This energy sets Epound(l) = 00 and FEhouna(0) = 0 for the vertices corresponding to pixels
p € BY. Indeed, a pixel p € BY cannot take the label a, since from definitions (19) and (20),

a ¢ L(p).

5.2.3 Visibility in the multi-label a-expansion

Moreover, some additional constraints must be added to respect the visibility constraint. Assume
that the current label of ¢ € €2;\Qf is A(¢) and there exists p = H&Z(q)q € Q. Due to the visibility
constraint, the pixel p can not always change its label to «. Indeed, if p is currently occluding
q or if p and ¢ are currently matching, some violation of the visibility constraint could appear
as ¢ is not involved in the current a-expansion, since « ¢ L(gq). As a consequence, during the
a-expansion, the pixel p can only change its label to the value a if A(p) > A(q) and «a > A(q).
In the other cases, the visibility constraint can be violated for the pixel ¢q. The set of pixels that
can violate the visibility constraint is denoted by C'* and defined as

CcY:={p= 'H];(q)q € 7, such that ¢ € 2;\0F and A(p) < A(g) or a < A(q)}-

We then design a last visibility energy £S. for the pixels p € C®. For any labelling X within an

vis
a-expansion of the current labelling A, this energy is defined as

EGN) :=U Y T(Alp) = ), (22)
peC™

with U > 0 being a large constant. As before, this energy can be written with respect to the

binary variable z(A(p)) with a graph representable energy Fyis:

gvis(j\) = Z Evls(x(j‘(p)))

pEB
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This energy sets ES (1) = oo and ES,

vis

(0) = 0 for the vertices corresponding to the pixels p € C*.

In practice, the multi-label refinement process presents one main advantage: the memory
necessary to store the possible matching costs is significantly reduced, as each pixel can only
take a reduced range of depth labels at each level of resolution. This property makes the process
faster than considering directly the whole set of possible labels, since it allows pre-computing
the different matching costs even for a final huge number of labels.

If the memory is big enough to pre-compute all the matching costs, we have observed that,
for the same final amount of labels, the multi-label refinement is always faster than the direct
estimation. The speed gain is nevertheless small (up to 25%).

6 Application to disparity estimation

Considering the planes in IR? corresponding to disparity values, one can apply the depth al-
gorithm to the estimation of disparity from pairs of rectified images. Indeed, from the focal
distance f of the camera and the distance D between optical centers, the disparity d is linked
to the depth A through the relation d = Df/\. Then the corresponding homography matrix
between the images 1 and 2 is given by

1 0 Df/A
HZ=101 0

00 1

We have applied such a process to the Middlebury benchmark disparity data [23, 24] composed

of four datasets and obtained some significant improvements comparing to the original method
of [18]. Namely, as presented in Figure 2, the introduction of the distance between depth in the
regularization term allows recovering some smoother disparity maps. Our approach has been
first applied with one label per integer disparity value, that is, with L possible labels (we refer
to it in Tables 1 and 3 as "Exp. L’). Then, we have doubled the number of labels, by considering
real disparities (0, 0.5, 1, 1.5, ...) in order to reach subpixel accuracy. We have computed the
disparity with 2L labels in two different ways:

e A direct estimation! with 2L labels ("Exp. 2L)

e A refined estimation using 'Exp. L’ as the first resolution, followed with a multi-label
refinement corresponding to M = 2 ("Exp. 2L + ML’).

Notice that the results presented here have been obtained with the same parameters for the
four sequences and all the experiments: occlusion v = 17 and regularization o = 3. Tuning
independently the parameters for each pair of images obviously leads to smaller errors (in that
case the mean error has been reduced up to 5.5). The computational time corresponding to these
results is from 10 seconds for the Tsukuba images up to one minute for the Teddy and Cones
images on a standard PC.

We show in Table 1 the percentage of pixels of the image with a disparity error greater
than 1, for the non occluded parts (Nocc), the whole image (all), and the region around the
discontinuities (Disc). As illustrated by the last column of this table, the simple method "Exp.
L’ performs very well with respect to the state-of-the-art techniques. We have only quoted the

!The direct estimation has been done with a pre-computing of the matching cost when it was possible to store
in memory all the information.
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Tsukuba Cones

Ground truth

AdaptingBP [16]

Exp. L

Exp. 2L + ML

Multicam GC [18]

Figure 2: Visualization of the results obtained on the Middlebury benchmark datasets. We
compare the ground truth with the results obtained by four methods. First, the method of [16] having the
best quantitative evaluation, then the results obtained by our approach, without and with a multi-label
refinement of depth and finally the results of the original paper [18].

techniques with very good performance, as well as all the approaches based on graph cuts. Let
us underline that the current total number of evaluated methods on the website is nearby 50
and they can not be all reported here. It is important to underline that the only methods that
present some better quantitative results all require a segmentation of the regions of the images.
We nevertheless believe than such a pre-processing may fail and badly constrain the disparity

estimation in real cases.
The obtained results are quite interesting when considering the two subpixel results. First

of all, with the same parameters as before, we observe an increase of the error in Table 1 for
these two approaches. This observation is quite natural for the label refinement approach "Exp.
2L + ML’. Indeed, the second level of resolution is realized in the neighborhood of the previous
estimation 'Exp. L’ that was considering integers disparities. As a consequence, there is no gain
on the error rate corresponding to the threshold 1. In the case of the direct estimation "Exp.
2L’, the increase of the error may be intuitively explained by the fact that too many labels are
possible for each pixel. From the high combinatory of this labeling problem, the process seems
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Method Sequences Mean
Tsukuba Venus Teddy Cones
Noce All Disc Nocc All Disc Nocc All Disc Noce All Disc

AdaptingBP [16] 1.11 1.37 5.79 0.10 0.21 1.44 4.22 7.06 11.8 2.48 7.92 7.32 4.23
CoopRegion [28] 0.87 1.16 4.61 0.11 0.21 1.54 5.16 8.31 13.0 2.79 7.18 8.01 4.41
DoubleBP [30] 0.88 1.29 4.76 0.13 0.45 1.87 3.53 8.30 9.63 2.90 8.78 7.79 4.19
OutlierConf [29] 0.88 1.43 4.74 0.18 0.26 2.40 5.01 9.12 12.8 2.78 8.57 6.99 4.60
AdaptOvrSegBP [27] 1.69 2.04 5.64 0.14 0.20 1.47 7.04 11.1 16.4 3.60 8.96 8.84 5.59
SymBP+oce [26] 0.97 1.75 5.09 0.16 0.33 2.19 6.47 10.7 17.0 4.79 10.7 10.9 5.92
Exp. L 0.9 1.32 4.82 0.45 0.84 3.32 6.46 11.8 17.05 4.34 10.55 10.37 6.04
AdaptDispCalib [11] 1.19 1.42 6.15 0.23 0.34 2.50 7.80 13.6 17.3 3.62 9.33 9.72 6.10
OverSegmBP [31] 1.69 1.97 8.47 0.50 0.68 4.69 6.74 11.9 15.8 3.19 8.81 8.89 6.11
Exp. 2L 0.92 1.33 4.97 2.23 2.64 4.48 7.10 12.67 17.99 5.34 11.43 12.31 6.95
Exp. 2L + ML 0.99 1.4 5.36 0.63 1.08 4.23 8.16 13.87 19.5 5.25 11.27 11.91 6.97
GC+occ [17] 1.19 2.01 6.24 1.64 2.19 6.75 11.2 17.4 19.8 5.36 12.4 13.0 8.26
MultiCamGC [18] 1.27 1.99 6.48 2.79 3.13 3.60 12.0 17.6 22.0 4.89 11.8 12.1 8.31
GC [4] 1.94 4.12 9.39 1.79 3.44 8.75 16.5 25.0 24.9 7.70 18.2 15.3 11.4

Table 1: Comparison of the quantitative results on the Middlebury benchmark datasets with a disparity
error threshold of 1.

to get stuck in a bad local minimum of the energy. Indeed, as previously mentioned, graph
cut algorithms find local minima which are within a known multiplicative factor of the global
minimum energy [5]. When observing the energy of the different solutions found by our process
(see Table 2), this explanation seems reasonable.

Experience Tsukuba | Venus Teddy Cones
Exp. L -746894 | -533160 | -947660 | -705721
Exp. 2L -743147 | -455284 | -936695 | -648662
Exp. 2L + ML | -746922 | -534561 | -959592 | -712202

Table 2: Comparison of the energy value of the local minimum found by the graph cut optimization for
the different tested approaches. The values are negative as the matching cost is negative from relation
(18). The multi-label refinement approach always finds the local minimum with the smallest energy.

If we now look at a smaller error threshold, the results are quite different. We show in Table 3
the percentage of pixels of the image with a disparity error greater than 0.5, for the non occluded
parts (Nocc), the whole image (all), and the boundaries of the discontinuities (Disc). It appears
that the multi-label refinement process "Exp. 2L + ML’ really decreases this rate with respect to
the first level of estimation "Exp. L’, with some significant improvements on the Tsukuba image
data. On the other hand, the direct estimation with the full label resolution "Exp. 2L.” does not
improve the quality of the estimation. It is also important to see that the order of the methods
giving the best results changes when modifying the threshold.

Method Sequences Mean
Tsukuba Venus Teddy Cones
Nocc All Disc Nocc All Disc Noce All Disc Nocc All Disc

AdaptOvrSegBP [27][]| 5.98 6.56 9.09 3.66 3.96 13.2 13.0 18.9 26.4 9.48 14.9 17.2 11.9
OverSegmBP [31] 7.75 8.17 13.8 4.33 4.73 16.8 13.2 19.3 27.5 6.53 12.6 14.0 12.4
CoopRegion [28] 18.9 19.5 21.2 1.38 1.77 9.39 10.6 15.3 22.6 5.36 10.6 13.0 12.5
Exp. 2L 4+ ML 2.96 3.61 8.51 7.71 8.33 14.46 14.97 21.41 28.06 10.8 16.59 18.8 13.02
AdaptingBP [16] 9.1 19.3 17.4 4.84 5.08 7.84 12.8 16.7 26.3 7.02 13.2 14.0 13.6
DoubleBP [30] 18.7 19.1 15.8 7.82 8.22 11.3 14.4 19.9 24.4 11.8 17.6 19.7 15.7
SymBP+oce [26] 20.7 21.6 19.5 5.96 6.27 10.2 15.7 20.9 31.7 11.4 17.5 18.9 16.7
Exp. L 15.45 15.88 16.19 8.89 9.44 13.57 15.72 22.17 30.41 14.48 20.22 22.15 17.05
OutlierConf [29] 24.7 25.0 17.4 8.01 8.27 13.7 15.6 20.5 28.7 10.9 17.3 17.4 17.3
GC+occ [17] 6.10 7.11 14.6 10.7 11.3 16.9 23.7 30.1 34.6 12.2 19.2 21.9 17.4
AdaptDispCalib [11] 24.6 24.7 21.3 7.14 7.56 15.0 18.8 25.2 29.7 9.21 15.1 16.7 17.9
Exp. 2L 11.77 12.24 14.84 14.19 14.69 15.15 18.36 24.63 32.5 14.88 20.42 21.96 17.97
MultiCamGC [18] 6.56 7.55 15.7 16.4 16.8 17.6 24.3 30.4 36.9 12.0 18.8 21.2 18.7
GC [4] 7.71 9.82 17.4 13.5 15.0 20.9 31.5 38.5 38.9 15.9 25.5 24.7 21.6

Table 3: Comparison of the quantitative results on the Middleburry stereo benchmark datasets with a
disparity error threshold of 0.5.

As illustrated on the table 2, the multi-label refinement approach always finds the local
minimum with the smaller energy. This table supports our model. Indeed, the smaller is the
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energy of the solution found, the better is the error with respect to the Middlebury most accurate
threshold of 0.5 (see Table 3).

From these experiments, it seems better to restrict the number of possible labels for the first
level of estimation and increase it in a second turn. With respect to a direct full estimation, the
multi-label refinement approach allows us to obtain very accurate results while speeding-up the
process.

7 Conclusion and future works

In this paper, we have addressed the problem of depth estimation of a scene seen from multiple
cameras. After defining a functional relying on photoconsistency, occlusion, visibility and reg-
ularization, we have fully detailed its minimization using a graph cuts optimization. We have
finally introduced a multi-label refinement scheme that enables to speed up the process while
still giving very accurate results on the Middlebury benchmark dataset.

This work is our first step to address the problem of view synthesis from a virtual point of
view in the case of static scenes. The other ingredients that will be needed are the transfer of
information to the new virtual view point, the handling of occlusions by using the information
from other cameras, the matting approach and the eventual inpainting of the missing details.
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A Energy E¢

We now describe the different possible geometric configurations of the pair of points p; € £2;,
p; € Q; which have current labels \; = X(p;) and A; = A(p;) and such that (p;, p;) € A%, namely
ngi = p;. Let v; denotes the vertex of pixel p; and v; the one of pixel p;. Let us recall that
the source is S and the sink 7. The weight of a directed edge that goes from vertex a to vertex
b is denoted by ey In practice, we have a € {V, S} and b € {V,T}.

We also recall that the energy Ef}(z(p),z(q)) involves x(p) (resp. z(q)), the binary label of
p € Q; (resp. ¢ € §;). In an a-expansion algorithm, if 2(p) = 1, then p will take the depth label
a. If z(p) = 0, p will keep its current depth label A.

Finally, remark that the energy E7; does not consider its arguments p; and p; in a symmetric
way. Namely, it counts the occlusion of p; by p; but does consider the occlusion of p; by p;. This
second case will thus be treated with the energy E7. Otherwise, we would penalize twice the
occlusion. For the visibility constraint this claim does not hold anymore, as we can sum infinites
without changing the result.

We will illustrate the different cases occuring during the a-expansion algorithm for a pixel
pi € Q; of the camera C; and its corresponding pixel p; = Hd p; € Q; of the camera C}.

The following cases, that give a full description of Ef, have to be considered:

- A\ = Aj = a. As illustrated in figure 3, this configuration means that p; and p; already
correspond with the label a and nothing will change, so

* E(1,1) = D(pis pj),

* Ea( 0) = (pl?pj)7
* Ea( 1) = (pl?pj)7
* Ea( 0) = (pl?pj)

In terms of edges: egy, = ey,7 = D(ps, p;)-

Bg(1,1) = E2(1,0) = BS(0,1) = E2(0,0) = D(p;, p))

Figure 3: Value of the energy Ej; for A; = Aj = o
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- A\i = Aj # a. It means that p; and p; did not correspond with the current label. We have
to distinguish two cases:

e if \; < «, then

* Ef‘j(l, 1) = D(p;, p;), the cost of matching between p; and p;,

* E75(1,0) =, p; will occlude p; in the image I; (i.e. p; € M;j),

* E%(O, 1) =0, p; will occlude p; (i.e. p; € My;),

* E£7(0,0) = 0.
These cases are illustrated in figure 4. Notice that the third situation does not violate
the visibility constraint since we do not have that Hg\]ipi = pj;. In terms of edges:
esv, = D(pi, 1)), €vju; =7 — D(pispj)-

a > Np;) a > Ap;) a > Np;) a > Ap;)
Alpi) = Mpj) Api) = Mpy) Alpi) = Mp)) Api) = Mpy)
P Dj 1z V2 P Dj 1z V2
{ S { N { N { >
G j G Cj G Cj G Cj
E%(1,1) = D(pi,p;)  EZ(1,0) =+ E2(0,1) =0 E2(0,0) =0
Figure 4: Value of the energy L7} for A; = A; <a.

e if \; > «, then
* E75(1,1) = D(pi, pj), the cost of matching between p; and p;,
* E75(1,0) = +o00, impossible. Otherwise, as Hip; = p; and S\J- =\ > N o= a,
this would contradict the visibility constraint for (p;, p;),
* E%(Q 1) = 400, impossible. Otherwise this would violate the visibility constraint
for (p],pz);
* E£7(0,0) = 0.

In terms of edges: esy; = D(pi,p;j), €vw; = €v0; = 00. These cases are illustrated in
figure 5.

C; Gj

EZ(1,1) = D(pi,p;)  EH(1,0) = +oc  E2(0,1) = 400 Bg(0,0) =0

Figure 5: Value of the energy L7} for A; = A; > a.
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- A = a# Aj. We have to distinguish two cases:

e )\; < a. It means that p; was previously occluding p;. Then

* Ea( 1) = D(ps, pj), cost of matching between p; and p;,
* E7(1,0) =, p; still occludes p; ,
* Ea( 1) = (p“p]) cost of matching between p; and p;,

* EZ(0,0) =1, p; still occludes p; .

In terms of edges: esy; = D(pi,p;), v;7 = 7. These cases are illustrated in figure 6.

Alpi) = Alpi) =

Apj) <a Apj) <a
P P P Pij
{ > J \.
C; G C, J

E5(1,1) = Ef(0,1) = D(pi,p;)  E5(1,0) = EF5(0,0) =~

Figure 6: Value of the energy Ej; for A; = a > A;.

e )\; > a. As illustrated in figure 7, this configuration is impossible since we are
assuming that A satisfies the visibility constraint.

Figure 7: Impossible configuration when \; = o < A;.

- Aj = a# )\;. We have to distinguish two cases:

e )\; < . It means that p; was previously occluding p;. Then

* E2(1,1) = D(ps, pj), cost of matching between p; and pj,
* Ea( ,0) = (Pup]) cost of matching between p; and p;,
* B2(0,1) = 0, p; still occludes pj,
* E72(0,0) = 0, p; still occludes pj,

Notice that the last two cases do not violate the visibility constraint, since even if
Aj > A, it does not hold that Hé\]_pi = p;. In terms of edges: egs,, = D(p;,p;). These
cases are illustrated in figure 8. '
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Api) < a Api) <
P 2 pi Z
4 \— J e
C G C G

ES(1,1) = BS(1,0) = D(pi,p;)  ES(0,1) = E3(0,0) = 0

Figure 8: Value of the energy L7} for Aj = a > A;.

e \; > a. Asillustrated in figure 9, this configuration is impossible since we are assuming
that A satisfies the visibility constraint and this situation means that H%'p; = p; while
A > )\j = .

Api) >«
Alpy) =a
Di Pi
Y S
Cj Cj
Figure 9: Impossible configuration when \; = o < A;.

i 7o, \j #aand \; # \j. We have to distinguish four cases:

e \; <aand \; < a. Then
* Ef‘j(l, 1) = D(pi, p;), cost of matching between p; and p;,
* Ef‘j(l,O) =1, p; will occlude p;,
* EZ‘-J‘]»(O7 1) =0, p; will occlude pj,
« E2(0,0) = 0.
As above, the third situation does not violate the visibility constraint. In terms of
edges: esy, = D(pi,pj), €v;0; =7 — D(pi,pj). These cases are illustrated in figure 10.

Apj) < a Apj) < a Apj) < a Apj) < a
Api) <« Api) < a Api) <« Api) < a
P, Pj Pi Pj D, Pj Pi Pi
Y > { N d > Y »
C; Cj C; Cj C; Gj C; Cj
ES(1,1) = D(pi,p;)  ES(1,0) =~ E2(0,1) =0 E2(0,0) =0
Figure 10: Value of the energy E} for \; < aand \; < a.
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e \; <a<A\j;. Then
* E(1,1)
* Ef‘j(l,O)
* E’Z‘-J‘]»(O7 1) =0, p; will occlude pj,
* E%(0,0) =0.
Notice again that the last two cases do not violate the visibility constraint. In terms
of edges: egy, = D(pi,pj), €yjp; = OO. These cases are illustrated in figure 11.

D(pi,pj), cost of matching between p; and p;,

+00, otherwise this would violate the visibility constraint for (p;,p;),

Apy) > o Apj) > a Apy) > Apj) >
Api) < a Api) <« Api) < a Api) < @
Di Pj Di Dj Di Pj Di Dj
4 > d > d > J \
C; Cj C; Cj C; Cj C; G
B2(1,1) = Dpi,p;)  ER(1,0) =400 EX(0,1)=0  E%(0,0)=0
Figure 11: Value of the energy Ej; for A; < a < A;.
o )\ <a< )\

* E%(l, 1) = D(ps, pj), cost of matching between p; and p;,

* E75(1,0) =, p; will occlude p; in the image I,

* E%(Q 1) = 400, otherwise we would violate the visibility constraint for (p;,p;)

since we have H(];pj =piand \j = a <\ = A,

* E(0,0) = 0.
Observe that the last case does not violate the visibility constraint. In terms of edges:
esv, = D(pispj), €vju, = 7 — D(pispj), v, = +00. These cases are illustrated in
figure 12.

Api) > Api) > a Api) > a Api) > a
Apj) < a Apj) < a Apj) < a Apj) < a
P P P Pj P Pj P Pj
Y v { S Iy > y S
G C; Cj C Cj C, Cj

C; i i
ES(L,1) = D(pip;)  ES(1,0)=7  E3(0,1) =400  EZ(0,0) =0

Figure 12: Value of the energy Ej; for A\j < a < \;.
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e \; >aand \j > a. Then
* E75(1,1) = D(pi, pj), cost of matching between p; and pj,
* Ef‘j(l, 0) = 400, otherwise we would violate the visibility constraint for (p;, p;),
* EZ‘-J‘]-(O7 1) = 400, otherwise we would violate the visibility constraint for (p;,p;),
* EZ‘?‘]-(O,O) =0.
Observe that the last case does not violate the visibility constraint. In terms of edges:
esv, = D(pi, pj), €v;v; = €u;u, = 00. These cases are illustrated in figure 13.

Api) > o Api) > Api) > o AMpi) > o

Alpj) > o Alpj) > Apj) > o

i C; Cj C; (eh A
ES(1,1) = D(pip;)  ES(1,0) =400 E(0,1) =400 E2(0,0) =0

Figure 13: Value of the energy E} for \; > aand \; > a.

From the two cases A\; = A\; < @ and \; # o, A\; < a, A\j < a, it appears that the energy Ef:
verifies the regularity condition (13) as soon as D(p;,p;j) < 7.

B Energy E°

Once again, v; denotes the vertex of pixel p; and v; the one of pixel p;. The weight of a directed
edge that goes from vertex a to vertex b is denoted by ey,. In practice, we have a € {V, S} and
b e {V,T}. We also recall that the energy E?j(x(p),x(q)) involves z(p) (resp. x(q)), the binary
label of p € Q; (resp. ¢ € Q;). In an a-expansion algorithm, if z(p) = 1, then p will take the
depth label a. If z(p) = 0, p will keep its current depth label.

We now describe the different possible geometric configurations for the pair of points p; € §2;,
pj € ; which have the current labels A\; = A(p;) # « and \; = A(p;) and such that (p;, p;) € A°.
We should underline that all the configurations A; < A; are impossible as X satisfies the visibility
constraints and Hz)\]l Di = Dj-

From figure 14, we see that the cases \; < \; are impossible.

Apy) > ANpi)
Api)
Di Pj
d >
C; Cj
Figure 14: The configuration is impossible when X\; < A;
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We then have to consider:

- A\i = \j # a. This configuration means that p; and p; correspond with the current label.
We have to distinguish two cases:
e )\, > «. Then
* E)(1,1) =0,
* E%(l,O) = 0, visibility is not violated, p; € Mj; and the cost v will be payed
when considering the pair (j,1),
* E%(O, 1) = v, pj will occlude p; in the image I;, i.e. p; € M;j,
* E%(O7 0) = D(pi,pj), cost of keeping the matching between p; and p;.
In terms of edges: ey, = D(pi, p;), Cpw; = — D(pj,p;). These cases are illustrated

in figure 15.
Api) = Ap;)
,,,,,,,,, Ap) > o
Di Pj
{ S
i 2 j C; G C; C;
Ej(1,1) =0 EJ;(1,0) =0 EJ(0,1) =~ E}(0,0) = D(pi,p))
Figure 15: Value of the energy E?j for \j = A\; > .
e )\, < a. Then
* E(1,1) =0,
* E?j(l, 0) = 400, otherwise we would violate the visibility constraint for (p;, p;),
* E%(O7 1) = 400, otherwise we would violate the visibility constraint for (p;, p;),

* E%(O, 0) = D(pi,pj), cost of keeping the matching between p; and p;.

In terms of edges: e,,7 = D(p;, p;), Cpv; = €y, = OO These cases are illustrated in

figure 16.
,,,,,,,,,, <e W Mese L Mes<e
Api) = A(p)) Api) = Apy) Api) = Ap)) Api) = Apy)
Pi Pj Pi Pj P Pj P Pj
{ v { . { . y N
C; C; C; C; C; C; C; C;
EY(1,1) =0 E)(1,0) = 400 EJ(0,1) =400 E}(0,0) = D(pi, p;)
Figure 16: Value of the energy E?j for \j = \; < o
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- A\i # Aj = a. We have to distinguish two cases:

e )\; < a This case is impossible, as it would mean that A\; < A;.
e )\; > o It means that p; was occluding p; in the image ;. Then
* E(1,1) =0,

* E5(1,0)=0
* E%(O, 1) = v, since still p; occludes p; in the image I;, i.e. p; € M;;,
* E%(0,0) = 1, since still p; occludes p; in the image I;, i.e. p; € M;;.

In terms of edges: e,,7 = ~y. These cases are illustrated in figure 17.

Pi
oy
C Cj C Cj

EY(1,1) = EJ(1,0) =0 EJ(0,1) = E}(0,0) =~

Figure 17: Value of the energy E?j for \j > \j = .

- XNi # Aj, A # a. We have to distinguish three cases (as the cases \; < \; are impossible):

e )\; < \; < a. It means that p; was occluding p; in the image I;. Then

* E)(1,1) =0,
« EY.(1,0) =0
J
* E%(O 1) = o0, otherwise we would violate the visibility constraint for (p;, p;),

* E%(0,0) = 1, since pj; still occludes p; in the image I;, i.e., p; € M;j.

In terms of edges: e, =, pyu; = O0. These cases are illustrated in figure 18.

« a « a
Api) < Api) < a Api) < Api) <a
Alpy) < Ap) Alpy) < Alpi) Alpy) < Ap) Alpj) < Alpi)

Di j Pi Pj Di j bi Pi

J J J J

C; G C; Gj C; G C; Gj

0 — 0 _ 0 — 0 —
E;;(1,1) =0 E;(1,0) =0 E;3(0,1) = +o0 E;3(0,0) =y

Figure 18: Value of the energy E?j for \j <\ <o
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e )\j <a <A\ Then
* E(1,1) =0
* EY(1,0) =0,
* E%(O, 1) = v, since p; still occludes p; in the image I;, i.e., p; € M;;,
* E%(0,0) = 1, since pj; still occludes p; in the image I;, i.e., p; € M;j,

In terms of edges: e,,7 = . These cases are illustrated in figure 19.

Api) >« Api) > Api) >« Api) >
Mpj) < a Alp)) <o Mpj) < a Alp)) <o
D, Djj P Pi Di Djj P Pj
J . J > J . J >
C, Cj C Cj C; Cj C Cj
E(1,1) = E3(1,0) = EY(0,1) = E7;(0,0) =
Figure 19: Value of the energy E?j for \j < a < A

e a < )j <A\ Then

* E)(1,1) =0
* E)(1,0) =0,
* E%(O7 1) = v, since p; still occludes p; in the image I;, i.e., p; € M,

* E%(0,0) = 1, since p; still occludes p; in the image I;, i.e., p; € M;;.

In terms of edges: e,,7 = 7. These cases are illustrated in figure 20.

Api) > A(p)) APi) > Apy) Api) > A(p)) Api) > Apy)
Apj) > o Ap)) > Apj) > o Ap)) >

2 Dj bi VZ] 2 Dj P VZ]

J S { N d N { N

Ci Cj C; Cj Ci Cj C; Cj

0 _ 0 _ 0 _ 0 _
Eij(l’ 1)=0 Eij(la 0)=0 Eij(oa 1) =v Ez‘j(O,O) =7
Figure 20: Value of the energy E?j for a < Aj < \s.

From case A\; = A\j > a, it appears that the energy E?j verifies the regularity condition (13)
as soon as D(p;,p;) < 7.
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